INsTITUTE FOR THEORETICAL PHysics
UrTRECHT UNIVERSITY

Final Exam Advanced Quantum Mechanics (total 300 points)

Tuesday, January 30, 2018, 13:30-16:30

. Wrate your name and wmilials on all sheets, on the first shect also your student ID number.

—

2. Wrue clearly, unreadable work cannot be corrected.
3. Gwe the molwvalion, explanation, and celculations leading up to each answer and/or solution.
4

. Do not spend a large amount of time on finding (small) caleulational errors. If you suspect you have made such
an error, poinl it out in words.

w

. Note the appendiz ot the end of this exercise!

. This exam consists of three exercises. Starl each erercise on u new sheet of paper.

=y

1. SOME CONCEPTS {80 POINTS)

a) (90 points) Describe in a few lines — using a few equations if you want — what is meant. by i) entanglement,

ii) 2 mixed state, iii} a pure state, and iv) decoherence.
b) (18 points) Describe what a superposition is and/or give an example of a superposition.

) (20 points) Describe briefly what a measurement of violation of the Bell inequalities implies (NB: do not describe

how such measurements are done, but, essentially, why they are done).

d) (10 points) Give an example of a practical application of entanglement. that is currently envisioned, or is already

in use.

e) (10 points) Consider a spin with total spin angular momentum quantum number S; = 4, and another spin with
total spin angular momentum quantum number 5> = 3/2. Give the possible cutcomes of a measurement of the

total spin angular momentum of a quantum system that consists of both these spins together.

2. PARTICLE WITH SPIN IN A ROTATING FRAME (/00 POINTS)

Consider a two-dimensional system described by coordinates (z, y}, consisting of one spin-1/2 particle (§ = 1/2)
with mass m in a potential V{(z,y) that depends only on r = y/x? 4 y*. In the basis-independent formulation, the
time-dependent Schrédinger equation for the state vector |¥) is therelore
p3 + By

2m

+ V(i) v .

.. d

Consider now a transformation to a coordinate frame rotating, with angular frequency w around the z-axis, with

respect to the original frame.



i) (20 points) Show that the Schrédinger equation in 1his rotating frame is
2 7 + 1y, :
i ) = | 22— (D4 5+ V()| 1)
ot 2n ’ ) () :
with [ the operator corresponding to Lhe orbital angular momentum in the z-direction, and 5'; the z-component

of the spin angular momentum.

L) (30 points) Define the wave functions W, (r, ) = ({2, 4] @ {a]) |1}, with Lr,y) the cigenstates of the position
operator and |} the cigenstates of S. with respective cigenvalues oh/2, and o € {+1,—1}. Show that the

Schradinger equation in position representation is given by

ihw = [—h; ( o + <3 ) S U,rﬂ + ifiw (Ti - yga;) t l’l[.r,y}l] U,y 1) .

ot 2am \ a2 " oy 2 dy

¢) (30 points) Show that this latter Schradinger equation can be written in the form of that corresponding 1o a

partticle with charge q in an electromagunetic field so that

M, (z, 1) {Ppos — qA)? ohw
ifi = : + VT, y) = —— 4+ V. .(x,0)| To(,9.1) .
> - (1) = T2 4 Vi) | o0,
with ppos = —ifi(d/dx, /Dy, 0) the momentum operator in the position representation, A = mwe. x (x,y,0)/q
an effective vector potential with e. the unit vector in the z-direction, and V,,(ir,y) = —mw?(a? + y*}/2.

d) (20 poinis) The above shows that the dynamics of a particle in a rotating lsune is effectively the same as that
of a charged particle in & magnetic ficld B = ¥V x A, i) Give a physical reason why this is so, and give the

expression for B. ii) Give a physical interpretation of the potential Vi, (x, y).

3. ATOMIC NUCLEUS IN AN ELECTRIC FIELD (/20 POINTS)

Consider a particle with spin s. We ignare iis orbital motion and assume its normalized state vector Lo be

3

¥ = Z @y, |5, M)

m,==43

Here, the states |s,m,) are the simultaneous eigenstates of S. and S? and the coefficients a,,, are complex numbers.

a) (15 points) For the case s = 1, what are the possible outcomes for a mensurement along the y-direction and

what are the corresponding probabilities? (NB: Note the appendix at the end of the exam!)

Assume now that an ensemble of such spin s particles is described by the density operator

5

p= Z Pm. |5, mg) {8, |

mM,==1

b) (15 points) Give the physical meaning of the numbers p,,, and at least one condition which these numbers must
satisfy for the case of general s. Give the density operator for the case s = 1 for i} a pure state, and ii) a

uniformly distributed ensemble, and describe their physical meanings.



Consider a Hamiltonian of the formm 1]

=k 8v,5
ij=1

where £ is a constant, S, is the spin operator corresponding to the i-th Cartesian direction and V;,; are the elements
of a real traceless symmetric 3 x 3 matrix V' — note that this latter matrix is not a quantummechanical operator.

c) (15 potnts) Why can you always rotate to new coordinates x, i, z in which V' is diagonal?

Hence, in those new coordinates,

Vie 00
v=| 0 V, o0
0 0 V..

with Vg + Vyy + Voo = 0,

d) (20 points) Show that the Hamilton operator in these coordinates can be written as

o ro_vV
H=K (38; ~85 479 (S;: - S;)) y = l':r_tv lyy ,

HH

and give K. Here, we assumed that 1%.. # 0.

e) (10 poinis) Give the exact eigenvalues and eigenvectors of A for the case 73 = 0 and any spin 5. How many
energy levels are there and what is the degree of degeneracy of each level?

[) (80 points) Find the exact eigenvalues and normalized eigenvectors of H for general 1 and spin

1 and draw
a graph of the energy levels as [unction of 5 for 0 < 5 < 1. Hint: Start by expressing Sg -- S’j in terms of
Sy =8, +iS5,.

g) (15 points) Consider such a spin 1 in thermal equilibrium at temperature 7". Find the expectation value of S.
forp = 0.

Appendiz — Possibly, you may want to make use of theze results:

e Under a rotation of angle ¢ around an axis along the unit vector n, the state vector transforms according to
|¥) = e~ #92J |0y where J is the operator corresponding to total angular momentum.

e For an angular momentum operator J we have the states |7, m), which are the cigenstates of J° and J.. The

respective eigenvalues are j(j + 1)fi* and mfi, where m runs from —j to +j in integer steps and j is an integer.
Furthermore, we have that Jy = J; + iJy, which act on these states as:

Jilim) = /GG + 1) =m(m+ D) jm+1);

Joim) =hn/iG+D) -mm-1)|jm-1).

e For 5 =1 and in the basis {|1,1}, |1,0}, |1, —1}}, the spin operators S; are represented by

. (010 oy f0-i0 ) 10 0
S;=—|101] , §=—F[i0 -] , &.=a{00 0
VZ\o 10 V2lo i o 00 -1



[1] For example, an atomic micleus with a non-zero electric guadrupole moment in an inhomogeneous electric feld is described
by this bamiltonian. In that case V' results from the gradient of the electric fiekl.



