
Midterm Exam Trial - Solutions
Quantum Matter (NS-371B) 2012

Spin Waves

1. (a) To derive the temperature dependence of the heat capacity for spin waves in
a ferromagnet in the low temperature limit, we expand the dispersion relation
for small kx, ky, kz

~ωk = J [3− cos (kxa)− cos (kya)− cos (kza)] ≈ Ja2k2

2
.

This gives for the temperature dependence of the internal energy

U =
1

(2π/L)3

∫
4πk2

(
Ja2k2

2

)
1

eJa2βk2/2 − 1
dk

∝ β−5/2
∫

x4

ex − 1
dx.

Thus the specific heat depends on the temperature in the following way

C ∝ T 3/2.

(b) For spin waves in a two dimensional system, the dispersion relation reads

~ωk = J [2− cos (kxa)− cos (kya)] ≈ Ja2k2

2
.

The internal energy therefore scales with the temperature as

U =
1

(2π/L)2

∫
2πk

(
Ja2k2

2

)
1

eJa2βk2/2 − 1
dk

∝ β−4/2
∫

x3

ex − 1
dx.

The specific heat for spin waves in the low temperature limit in two dimension
is given by

C ∝ T 1.

Similarly, in a one dimensional system we have

~ωk = J [1− cos (ka)] ≈ Ja2k2

2
.
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The internal energy scales with temperature as

U =

∫ (
Ja2k2

2

)
1

eJa2βk2/2 − 1
dk

∝ β−3/2.

The specific heat in this case scales as

C ∝ T 1/2.

(c) Note that the low temperature behavior of the specific heat for phonons goes
as T d, where d is the dimension of the system. However, for spin waves the
specific heat is proportional to T d/2.

Phonons in graphene

(a) We write the equations of motion for the atoms of type A and B for the unit
cell (m,n). The neighbours of the atom A in unit cell (m,n) are the B atoms
in the unit cells (m,n), (m−1, n), and (m,n−1). The neighbours of the atom
B in unit cell (m,n) are the A atoms in the unit cells (m,n), (m+ 1, n), and
(m,n+ 1). The force of one bond, exerted onto an atom 1 by a neighbouring
atom 2 is given by K(~u2 − ~u1). The total force on an atom is the (vectorial)
sum of the three forces associated with the bonds with its neighbours. This
sum is equal to its mass times the acceleration. Hence, we have

M~̈uAm,n = K
[
(~uBm,n − ~uAm,n) + (~uBm−1,n − ~uAm,n) + (~uBm,n−1 − ~uAm,n)

]
M~̈uBm,n = K

[
(~uAm,n − ~uBm,n) + (~uAm+1,n − ~uBm,n) + (~uAm,n+1 − ~uBm,n)

]
,

for the atoms A and B (respectively) of the unit cell (m,n).

The next step is to substitute the plane waves into the equations of mo-
tion. For the equation for atom A, we will divide out common factor exp(i~k ·
~xAm,n−iω t). In other words, we will write the exponentials in ~uBm,n, ~uBm−1,n,

~uBm,n−1 in terms of exp(i~k · ~xAm,n − iω t), the exponential in ~uAm,n. We have

ei
~k·~xBm,n−iω t = ei

~k·(~xBm,n−~xAm,n)ei
~k·~xAm,n−iω t = ei

~k·~δ1ei
~k·~xAm,n−iω t,

ei
~k·~xBm,n−1−iω t = ei

~k·(~xBm,n−1−~xAm,n)ei
~k·~xAm,n−iω t = ei

~k·~δ2ei
~k·~xAm,n−iω t,

ei
~k·~xBm−1,n−iω t = ei

~k·(~xBm−1,n−~xAm,n)ei
~k·~xAm,n−iω t = ei

~k·~δ3ei
~k·~xAm,n−iω t,

using the nearest-neighbour vectors ~δ1, ~δ2, and ~δ3. Hence the (vectorial) equa-
tion of motion of the A atom is

−Mω2~u0A = K
[
~u0Bei

~k·~δ1 − ~u0A + ~u0Bei
~k·~δ2 − ~u0A + ~u0Bei

~k·~δ3 − ~u0A
]
.
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For the B atom, the vectors to the nearest neighbours are −~δ1, −~δ2, and −~δ3.
Hence, we may derive the equation of motion for the B atom from that of the
A atom by swapping A with B and vice versa, and by replacing all ~δi by −~δi.
We find

−Mω2~u0B = K
[
~u0Ae−i

~k·~δ1 − ~u0B + ~u0Ae−i
~k·~δ2 − ~u0B + ~u0Ae−i

~k·~δ3 − ~u0B
]
.

Dividing both sides of the equations of motion by K, and writing f(~k) =

ei
~k·~δ1 + ei

~k·~δ2 + ei
~k·~δ3 , we find

−M
K
ω2~u0A = f(~k)~u0B − 3~u0A

−M
K
ω2~u0B = f(−~k)~u0A − 3~u0B.

(1)

(b) There are four modes per unit cell, namely the acoustic mode (with the − sign
in the dispersion relation) and the optical mode (with the + sign), both in two
polarisation directions. The fact that there are four modes, despite the system
having only one type of atom and two polarisation directions, comes from the
fact that the A and B atoms are effectively different, since their neighbours
are arranged differently, as argued in the introduction of the exercise.

Since the unit cell has two atoms, the total number of in-plane modes in the
system is twice the number of atoms, i.e., equal to 2N .

Extra note: If one allows for vibrations in a third direction, perpendicular to
the plane, as is the case if we embed graphene into a three-dimensional space,
then there are two more modes.

Extra; proof of dispersion relation:

In the equations of motion (1), we split ~u0A and ~u0B into of their x, y-
components. Subsequently, we write the resulting four equations in matrix
form, as

Mω2

K
− 3 0 f(~k) 0

0 Mω2

K
− 3 0 f(~k)

f(−~k) 0 Mω2

K
− 3 0

0 f(−~k) 0 Mω2

K
− 3



u0Ax
u0A y
u0Bx
u0B y

 =


0
0
0
0

 . (2)

This equation has to be satisfied for nonzero (u0Ax, u0A y, u0Bx, u0B y). Hence,
the matrix must be singular, i.e., its determinant must be zero. This condition
reads [(

Mω2

K
− 3

)2

− f(~k)f(−~k)

]2
= 0. (3)
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From this expression, we solve(
Mω2

K
− 3

)
= ±

√
|f(~k)|2,

using that f(~k)f(−~k) = f(~k)(f(~k))∗ = |f(~k)|2. Then, we read off that

ω2 =
K

M

(
3±

√
|f(~k)|2

)
=

3K

M

1±

√
|f(~k)|2

9

 . (4)

Extra note on the result: From the matrix in equation (2) and subsequently
from the square in solution (3) it becomes apparent that the solution of the
dispersion, equation (4) has two copies. These copies can be associated to the
x- and y-polarisations. There is no coupling between the x and y components
(see (2)), so that the dispersion (4) has two copies for each of the sign choices
(− for acoustic and + for optical). This leads to the four modes.

The argument that the square in ω2 of equation (4) is responsible for two
solutions for the acoustic mode and two solutions for the optical mode is not
valid. In other words, for counting the number of modes, the frequencies ω
and −ω should be regarded as the same mode, or one needs to regard only
the positive solutions.

(c) First it is useful to expand the function f(~k)

f(~k) = ei
~k·~δ1 + ei

~k·~δ2 + ei
~k·~δ3

≈ 3− 1

2
(~k · ~δ1)2 −

1

2
(~k · ~δ2)2 −

1

2
(~k · ~δ3)2 = 3− 3

4
a2k2,

where the definition of the vectors δi was used in the last line. Thus the term
|f(~k)|2 is

|f(~k)|2 = 9

(
1− a2k2

4

)2

.

From this it follows that, considering only the acoustic mode (i.e. taking the
minus sign in the definition of ω),

ω ≈

√
3K

M

(
1−

(
1− a2k2

4

))
=

√
3K

4M
ak.

The speed of sound is defined by ω = vsk and thus

vs =

√
3K

4M
a.
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(d) The integral up to the Debye frequency must equal the total number of modes
2N . First we need to calculate the density of states. In terms of the momen-
tum it is

g(k)dk = 2× 2πk

(2π/L)2
dk =

L2

π
dk,

where the factor 2πkdk is the area of a momentum shell of thickness dk and
the factor of two is due to the two polarization directions of the modes. In
terms of the energy the density of states is

g(ω)dω = g(k)dk =
L2

π

ω

vs

dω

vs
=
L2ω

πvs2
dω.

The integral is thus

ωD∫
0

L2ω

πvs2
dω =

L2

2πvs2
ωD

2 = 2N.

This gives for the Debye frequency

ωD =
√

4πN
vs
L

=

√
3NKπ

M

a

L
.

This equation can be further simplified by relating the number of particles to
the ratio of the system size to the cell size. In each cell we have two carbon
atoms, therefore the number of atoms follows from

N

2
=

L2

|~a1||~a2| sin θ
=

2L2

3
√

3a2
,

where we used that |~a1| = |~a2| =
√

3a and due to the hexagonal structure the

angle between the vectors is θ = 60◦. Rewriting gives L2

a2
= 3

√
3N
4

. Insering
this into the Debye frequency gives

ωD = 2

√
πK√
3M

.
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