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o Use u separate sheet fur every exercise,
o \Wrire vour name on eaeh sheet, on the first sheet also your student 10,
o Write clearly, unreadalile work cannot be corrvectod.
e Except in exercise 1, give the motivation, explanstion and caleulations,
o Do not spendd o darpe amount of time on finding (smadly eadoudation ereors. TF you
sispeet youk bave made such an error, polut 18 ont i words.
1. Conceptual gquestions {3 points each = 15 points)
Answer the questions below by o few sentences, s sketeh, o formnla or the like.
{a} Sketch s one-dunensional Isttice with Iattice vonstart a and two-site basis with
basis veetors 0 aud afd.
{11} State the Bloch theorem.
fe) Broefly deseribe the Hartree and Hartree-Fock eqnations, ie, what ave they used for
sl what is the difference between themn {you do uor have to write them downd,
{dy What is the difference between ferromagnetio and antiferramaguetic ordering” De-
seribie i words or use a skereh,
{e) Wihi s o Cooper pair? What is i1s cleetrieal charge and qumitun stavistios?
2. Phonons (3-+947-+5-+4 points = 28 paints)

Consider the Jattice vibrations of @ one-dimensicnal kattice deseribed by the gquantum
Hamiltonian
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where & bnbels the enc-ditnensional smoment i, :w... andd gy are operators that ereate and
annibilate phonon modes with monwentem b oad wy, denotes the dispersion relation of
the phonons, which is assamed to bowded from above and below by 0 < wy <

(o) First considder an individual momentun & What sre the on
mode? What is the gronud-state energy?

{1} Now consider the whole lattice, e, the full Hailtanian (13 Determine the enersy
cigenvahues, the tanonicsd partition funetion, the free energy £ and the entropy
S 80T, Show that the internnd anergy U B given by
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where @ = 11T,

iive o physical interpretation of the two fenns i (2]

{¢} Deterssine the bigh-temperature expansion for € = SUOT including up 1o QT
For which temperatures is the igh-temperatine vepansion apphicabde?

{1t} Similarly obtals an expansion of O for low temperstures v to leading order. For
which femperatures is this expansion wdid?

{} Consider the additional perturhation .1 i MHM.Q?%:; é,_ww:L . Determing the

change i the gronnd-state energy to linear order g, Jusily vour answer.

Two-dimensional electron gas (3-+4-43 points = 10 points)

Considor o two-dimensional electron gas which possesses the bamd strioctine

Foveosilon) — g cosih,al, {3}

fet m.m

with £, 1, > 0 and o denoting the lattice constant,

{a) Expand the energy band {35 svonmd & = U up e ending non-triviad arder.
{h) New consitder the special ease £ = 4, o 2/6%, Calendate the density of states [{e).

{e} Flually constder the effeet of & perpendicnlar magnetic Beld 7 o= D6 Deseribe
quaditatively how the energy spectoim chang

Ferromagnetism (3+4-444+343 points = 17 points)
Consitler a forromagnetic Ising model on o two-dinensional frisugaiar lattice, b, the

Hamiltonian .
Ho= 03 ma,, (4

(i

whore J = O, o, == 21 denotes the Bl spin at site 7 and the sum is over all pairs of
nearest-neighbonrs on the lattice, Note that there 8 oo oxternal magnetic fickl,

{n} Sketch the nwo-dimensional triangular lattce, Determine the courdination mnulber
2, de, the mumbor of penrest neighbowrs for each site,

——

Introduee the aversge magnetisation per nttice site &
us

oy, Wit the Ising spins
= i 4 Ao, aiud expod the Hamiboman (8 to leading order b the divintion
doy. Roewrite the resnlting Hamilonian iu terms of the origimal Ising spins,

{o} Argue that the result you obtained in (W) cam be interpreted as o calfeetion of Tsing
sping i a wmegnetie feld Myp o= 20280 Derive o selfceousisteney eomdition for the
aversde magnetisation 7 from this

Hint: The average mapnetisation of au Ising spin in o mngoetic Held 7§ s given by

{ery o H.Em;lm? which van be used withom derivation,

fd} Argue thar at temperatures below neritieal tempemture T, the systom will possess
fecroneagnetic orider. Determine the value of the eritieal femmperatare from the self
camsisteney eguation degdved o {03,

{o) hmagine that the lattiee is restricted to the positive hall plane o > 0, de, there s a

bowmdary at w == 8, Wikl the sverage magoeiisation af the bowwlsry be larger or

sergzdlir thing the budk vadne & = T, 003 Justily vour answer.
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