General Relativity 2011/12 — Final Exam
Fri Feb 3 2012, 9-12am BBL 056-+169

This final exam caries in total 20 points.

A passing requirement of the course is that you obtain at least 55% of the points.
In order to qualify for a retake, you need to have at least 40% (or 8 points) at
this exam.

Please provide concise answers to the theoretical questions.

You should use a separate sheet of paper for each problem. Put your name on
each sheet.

Good luck!

Exercise 1 - Theoretical questions (4 points)

(A)

(B)

(©)

(1 point)

Define the Einstein’s equivalence principle!

(1 point)

Define the tangent space at a point P of a (pseudo-Riemannian) manifold
M! What is the name for the collection of all tangent spaces on a manifold,
and what is this construct useful for?

(1 point)

Define a singularity in general relativity! How would you distinguish a
coordinate singularity from a physical singularity?

(1 point)

Can photons move on a periodic orbit around a black hole? If yes, (a) is

that orbit circular or elliptic; (b) stable or unstable? Can photons move on
a periodic orbit around the Sun?

Exercise 2 - The hyperbolic plane (4 points)

The hyperbolic plane is defined by the metric:

(A)

da? + dy?

372
dé < = ;2

, y>0. (1)

(1 point)

Show that points on the x axis are an infinite distance from any point (z,y)
in the upper half-plane! Write out the geodesic equations!



(B) (I point)
Construct a Killing vector field K* for the metric (1), and show that it
obeys the Killing equation V, K, = 0. Next, construct the corresponding
conserved quantity, K,dz*/dl, and give a physical interpretation for it.
(C) (1 point)
Solve the geodesic equations to find z and y as a function of the (proper)
length ¢ along these curves! Write down the general solution for x and y as
a function of ¢, and explain the meaning of the three integration constants.
(D) (1 point)
Show that the geodesics are semi-circles centered on the y-axis (when the
conserved momentum P, # 0), or vertical lines (when P, = 0)!

Hint: By making use of the appropriate Killing vector, (when solving parts C
and D) show first that the momentum in the r-direction, P, = (dx/d€)/y* | is
conserved. Next, solve the integrated geodesic equation, 1 = [(2/)? + (v)?/v%
where ¢/ = dx/df and y' = dy/d{, and ¢ denotes a proper length. The following
integral you may find useful,

du

\/——;5——_::__‘1‘ = AI’CCOSh(U) . (2)

Exercise 3 - Conformal transformation of the metric tensor (4 points )

Consider the following conformal transformation of the metric,

ds?(z) = @ d5*(x) . (3)

(A) (1 point)
Show that the scalar d’Alembertian [J transforms under the conformal
transformation (3) as

e Op(x) = Uo(z) + 2(V,w)(VHe(x)) (4)

where ¢(z) is a scalar field, and V, represents the covariant derivative
with respect to the rescaled metric ds?, and O = V, V¥ is the scalar
d’Alembertian associated with the rescaled metric d3.

(B) (2 points)

Show that the curvature (Ricci) scalar R transforms under (3) as

R = R~ 6( ) (V) — 600 (5)



(C) (1 point)
By making use of the flat cosmological space-time, which is defined by e —
a(n) and d5* = —dn? + di?, calculate the Ricci scalar for flat cosmological
spaces by making use of your results in parts (A) and (B) of this problem.
Express your answer in terms of the Hubble parameter H = o/ Ja?, a' =
da/dn, and H = (a"/a*) - 2(a’/a?)2.

Hint: Recall the definition of the Riemann curvature tensor in terms of the Levi-
Civita connection,
[a . @ a 73

pr—-aulﬁﬂp—FFVBF;w«(VHp). . (6)
When you work on part B, at an intermediate stage, you can work out the
problem in geodesic normal coordinates, in which at a given point P, gu|p = 1,
and I, |p = 0, where 7,, is the flat space (Minkowski) metric. The answer in
geodesic normal coordinates is then easily generalised to general coordinates, in
which the metric tensor is g,

Exercise 4 - The conformal (Carter-Penrose) diagram of anti-de Sitter
(AdS) space (4 points)

Anti-de Sitter space is defined by the following 5 dimensional flat embedding:

ds; = deQ—-dXZZdeXQerYerdZ?
—f% = U =V2P4 XP4 V24 22 (7)

By making use of the following coordinate transformation,

U = Hl— sin(Ht) cosh(H p)

V = %cos(Ht) cosh(H p)

X = }1} sinh(H p) cos(6)

Yy = }1? sinh(H p) sin() cos(¢)

zZ = flf sinh(H p) sin(#) sin(¢) , (8)

(A) (1 point)
show that the resulting four dimensional metric on AdSy can be written as,
sinh?(H p)

ds® = — cosh*(Hp)dt? + dp* + e

(d9® +sin®(0)de®) . (9)



(B)

(1 point)

Next, by performing the following coordinate transformations,

~osl [ S =71, 1
cosh(H p) sy Ht =1, (10)
show that the metric reduces to
1 . .
ds* = r—r— 5 [—dr? + dy? + sin®(x) (d6° +sin*(9)de®)] . (11)
(2 points)

Based upon the metric (11), discuss the allowed range of the coordinates
{r,x,0, ¢} and draw the corresponding Carter-Penrose conformal diagram
of anti-de Sitter space! Denote the relevant ‘infinities’ on the diagram (when
applicable), such as i*, % and T*.

Exercise 5 - A curved universe with cosmological constant (4 points)

Consider a universe filled with a vacuum energy (cosmological constant) A > 0
with negatively curved spatial sections, t.e. & < 0.

(A)

(B)

(©)

(1 point)

Solve the corresponding Friedmann equation for the scale factor a = a(t)
and find an expression for the Hubble parameter, H = H ()

(2 points)

Find the particle horizon £, = af, as a function of time, where £, = n —no
(¢ = 1) is the maximum distance that a particle can travel from g to n > no.
Express your answer in cosmological time ¢ > 0 (defined by goo = 1)!

(1 point)

In this case, the Friedmann equation can be rewritten simply as 1 = Q+Q,
where Qx(t) = A/(3H2) and Q. (t) = —x/(aH)?. Find an explicit form for
0. (t)! How does €, (t) behave for asymptotically large times, t — 007

Hint: When solving the problem, you may find the following integrals useful,

dx . ; dz T
/———————w,_.____xz == Arcsinh(z) , / Msinh(;z:) =1In [tdnh (5)} ) (12)



