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Question 1. Scale (Weyl) invariance of the superstring

The action for the superstring is given by

S = −T
2

∫
d2σe

[
hαβ∂αX

µ∂βXµ + 2iψ̄µρα∂αψµ − iχ̄αρβραψµ(∂βXµ −
i

4
χ̄βψµ)

]
, (1)

where hαβ = eaαηabe
b
β , with e ≡ det(eaα), ηab = diag(−1, 1) and hαβ the inverse worldsheet metric.

Furthermore ρα = eαaρ
a, with eαa the inverse zweibein and ρa are the Dirac matrices in two dimensions,

ρ0 =
(

0 1
−1 0

)
, ρ1 =

(
0 1
1 0

)
. (2)

The Majorana fermions ψµ and χα are spinors with two real components and ψ̄ ≡ ψ†ρ0, and similarly
for χ.

a) Show that for any two Majorana spinors χ and ψ,

χ̄ρaψ = −ψ̄ρaχ. (3)

b) Show that the superstring acrion is invariant under local Weyl rescalings of the fields

Xµ → Xµ, eaα → Λeaα, ψµ → Λ−
1
2ψµ, χα → Λ

1
2χα, (4)

for any function of the worldsheet coordinates Λ(σ, τ).

Question 2. Worldsheet Hamiltonian: H = L0.

In light-cone coordinates σ± = τ ± σ, the action for the superstring in superconformal gauge is

S = 2T
∫
d2σ

[
∂+X

µ∂−Xµ + i(ψµ+∂−ψ+,µ + ψµ−∂+ψ−,µ)
]
, (5)

where ψ± are the two real components of the Majorana spinor ψ, and ∂± = ∂/∂σ±. We can write
the action as S =

∫
d2σL with Lagrangian density L. The Hamiltonian density then follows from

the general formula H = pq̇ −L, where the momentum p conjugate to q is given by p ≡ ∂L/∂q̇. The
Hamiltonian H is then given by the spatial integral of H.

a) Show that fot the superstring the Hamiltonian density is given by

H =
T

2

[(
Ẋµ
)2

+ (X ′µ)2
]

+ iT
[
ψµ+ψ

′
+,µ − ψ

µ
−ψ
′
−,µ
]
, (6)

where ˙ denotest the time derivative and ′ denotes the derivative with respect to σ.

For the open superstring, the Hamiltonian is

H =
∫ π

0

dσH, (7)



andt the mode expansions of the fields are

Xµ(τ, σ) = xµ +
pµ

πT
τ +

i√
πT

∑
n 6=0

1
n
αµne

−inτ cos(nσ), (8)

ψµ±(τ, σ) =
1

2
√
πT

∑
r∈Z+θ

bµr e
−irσ± , (9)

where r runs over the integers in the Ramond sector θ = 0 and over the half integers θ = 1
2 in the

Neveu-Schwarz sector.

b) In terms of the oscillator modes, show that the Hamiltonian becomes

H = 1
2

( ∞∑
n=−∞

αµnα−n,µ −
∑

r∈Z=θ

rbµr b−r,µ

)
, (10)

with αµ0 = 1√
πT
pµ. (This expression is in fact the same as one of the Virasoro generators, i.e.

H = L0)

Question Open string states

Consider the open superstring, quantized in the light-cone gauge, in which the only independent
oscillator modes are transversal and denoted by αin and bir where u = 1, . . . , D− 2 = 8. In the quan-
tum theory, one imposes the commutation relations [αim, α

j
n] = mδm+n,0δ

i,j , andt anti-commutation
relations bir, b

j
s = δijδr+s.

The mass operator, in dimensionless units, is given by

M2 =
∞∑
m=1

αi−mα
i
m +

∑
r∈Z+θ

rbi−rb
i
r − a, (11)

where the normal ordering constant a = 1
2 in the Neveu-Schwarz (NS) sector, and a = 0 in the

Ramond (R) sector.

a) Construct the states in the NS sector of the open superstring spectrum, at mass level M2 = 1.
[Hint: there are three types of states]

b) Construct the states in the R sector of the open superstring spectrum, also at mass level M2 = 1.

c) Which states are projected out by the GSO projection? Show that after the GSO projection,
one ends up with an equal number of bosonic and fermionic states.
(To remind you, the GSO operator in the NS sector is defined by GNS = −(−)Nb , where
Nb =

∑
r b
i
−rb

i
r. Similarly, for the R sector, we have GR = Γ9(−)Nb , where Γ9 = ±1 measures

the chirality of spinors in eight dimensions.)


