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Please:

• Swit
h o� your mobile phone and put it into your bag.
• Write with a blue or bla
k pen, not with a green or red one, nor with a pen
il.
• Write your name on ea
h sheet.
• Hand in only one solution to ea
h problem.The examination time is 90 minutes.You are not allowed to use books, 
al
ulators, le
ture notes, or personal notes.You may use theorems from the le
ture and the book without proving them.Prove every other statement you make.

Good lu
k!
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Problem 1 (derivative of bilinear map, 7pt). Let n1, n2 ∈ N and
f : Rn1 ×Rn2 → Rbe a bilinear map. Show that f is (totally) di�erentiable and 
al
ulate its derivative.Problem 2 (hyperboloid, 9pt). (i) Draw a pi
ture of the hyperboloid

M :=
{

x ∈ R3
∣

∣ x2

1
+ x2

2
= x2

3
+ 1

}

.(ii) Prove that M is a smooth submanifold of R3 and 
al
ulate its dimension.(iii) Cal
ulate the tangent spa
e to M at any point x ∈ M .Problem 3 (maximum, 11pt). Consider the 
urve
M :=

{

x ∈ R2
∣

∣ x4

1
+ x4

2
= 1

}and the fun
tion
f : M → R, f(x) := x1 + x2.(i) Draw a pi
ture of M and several level sets of f .(ii) Prove that f attains its maximum on M .(iii) Using the Method of Lagrange Multipliers, 
al
ulate the maximum of f on M . Show thatthe hypotheses of the theorem are indeed satis�ed and make sure that your argument islogi
al.Remarks: You may use results from WISB111 (Inleiding Analyse) and the fa
t that a maxi-mum of a fun
tion f ∈ C1(M,R) is a 
riti
al point for f , without proof.Problem 4 (smooth dependen
e of simple eigenvalue, 5pt). Let A0 ∈ Rn×n and λ0 ∈ R be analgebrai
ally simple eigenvalue of A0. This means that it is a simple zero of the 
hara
teristi
polynomial p(λ) := det

(

λ1 − A0

). Prove that there exist open neighbourhoods U ⊆ R of λ0and V ⊆ Rn×n of A0, su
h that every A ∈ V has a unique eigenvalue λA in U , and the map
V ∋ A 7→ λA ∈ Uis smooth.Remark: You may use the fa
ts that the determinant map is smooth and that the 
ompositionof smooth maps is smooth.


