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Solutions Final Measure and Integration 2012-13

Let (E, B,v) be a measure space, and h : E — R a non-negative measurable function. Define a
measure 4 on (E,B) by u(A) = [, hdv for A € B. Show that for every non-negative measurable

function F' : E — R one has
/qu:/ Fhdy.
E E

Conclude that the result is still true for F' € £1(x) which is not necessarily non-negative. (Hint:
use a standard argument starting with indicator functions)

Proof Suppose first that F' = 1,4 is the indicator function of some measurable set A € B.

Then,
/qu:u(A):/th:/lAth:/thl/.
E A E E

n
Suppose now that F = Z arla, is a non-negative measurable step function. Then,
k=1

/quzZozk,u,(Ak):Zak/ lAthZ/ ZaklAthZ/thl/.
2 k=1 k=1 2 E =1 E

Suppose that F' is a non-negative measurable function, then there exists a sequence of non-
negative measurable step functions F,, such that F,, T F. Then, F,,h T Fh, and by Beppo-Levi,

/qu— lim /F dp = lim thV—/thV.
E E

n—oo

Finally, suppose that F' € £(u). Since F't, F~ are non-negative, we have

/F+d,u:/F+hd1/and/F‘du:/F‘hdy.
E E E E

Since F € L£(u), from the above we see that Fh € £!(v), hence

/qu:/F+du—/F_du:/Fﬂzdu—/F‘hdu:/thu.
E E E E FE E

Consider the measure space ((0,00), B((0,00),A), where B((0,00)) and A are the restrictions of
the Borel o-algebra and Lebesgue measure to the interval (0, 00). Show that

Tim (1 + f) e dA(z) = 1
n—00 0,n) n
(Hint: note that 1+ z < e®

)-
Proof: Let u,(z) = 1(o,n) (1 ) ~2¢ then lim, o0 Un(7) = 10,000~ ®. Using the fact that
I+ < e, we see that u,(z) < 1(g,00)e” . Since the function e™* is positive, measurable and the
improper Rlemann integrable on [O 00) exists, it follows that it is Lebesgue integrable on [0, 00)
(and hence also on (0,00)). By Lebesgue Dominated Convergence Theorem, we have

lim (1 + E)n e 2 d\Nx) = lim [ u,(2z)d\(z)
(0n) "

n—oo n—00

/1(0,00)67%)\(:6) :/ e %dx=1.
0
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Let (X, A, ) be a probability space (i.e. u(X) = 1) and let {f,} be a sequence in £!(x) such
that [y [fn|dp =n for all n > 1. Let

Ay = {a+ | fula) - /X fudpt] >},

(a) Show that u (ﬂm21 Unsm An) = 0. (Hint: use Exercise 6.9 (Borel-Cantelli Lemma)).
(b) Use part (a) to show that for every e > 0 there exists mg > 1 such that

plr € X o |fo(x)| <n® +n, foralln >me} > 1 —e.

Proof (a) By Markov Inequality we have

1 2n 2
< — < — = —,
w(An) < 3 /X |fn(x) /X fndu| du < ===

oo oo 2
Since Z w(Ay) = Z —3 <, it follows by Borel-Cantelli Lemma (Exercise 6.9) that
n=1 n=1

I ﬂUAn =0.

m>1n>m

Proof (b) By part (a) we have u (Um21 Nysm A%) = 1. By Theorem 4.4(iii),

lim p N4 ]=nr| 4] =1

n>m m>1n>m

AC

n>mo *n

Hence, given € > 0 there exists mo > 1 such that u (ﬂn>m0 Afl) >1—ec. But for z € N
one has for n > mg,

)] — | / foda] < [fulz) / ful) dul < n®,

and thus, |f,(z)| < n® 4+ n. This implies that

pl{r € X 2 |fo(2)| <n® +n, forall n >me} > pu ﬂ Ar ]l >1—e

n>mgqo

Let (X, A, p) be a o-finite measure space and (4;) a sequence in A such that lim,,_, pu(A,) = 0.
(a) Show that 1,4, £ 0, i.e. the sequence (1,4, ) converges to 0 in measure.

(b) Show that for any u € £(y), one has ul 4, £ 0.
(c) Show that for any u € £ (i), one has

sup / ful14, du = 0.
n J{|u|la, >|ul}

(d) Show that lim, o [, udu=0.
Proof (a): For any 0 < e < 1 and anyA € A with p(A) < oo, we have
AN {La, > €}) = (AN Ay) < pu(Ay).

Thus, limsup,, ., #(AN {14, > €}) =0 and hence lim,,_,oo (AN {14, > €}) = 0. This implies
14, 0.

Proof (b): Let u € £!(u). For any € > 0 and anyA € A with p(A) < oo, one has
(AN {Julla, > €)= p(AN Ay 0 {Ju] > €}) < pu(Ay).

This shows that lim,, oo (AN {|u|14, > €}) =0, and hence ul,, < 0.
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Proof (c): Let u € £'(u). Note that |u[14, < |u|, thus the set {|u|la, > |u|} is empty. By

Theorem 10.9(ii), we have
/ |ulla, dup=0
{lullay, >lul}

for all n and hence sup; f{lu\lA Sy [U1a, dp=0.

Proof (d): By part (c) we see that the sequence (|u|1l,4,) is uniformly integrable. Hence, by
part (b) and Vitali’s Theorem 16.6 we have

lim [ |u|la, dp= lim |julg,|]1 = 0.
n—oo n—o0

Since
limsup| [ uly, du| < limsup/ |u|1a, dp = lim /|u|1An du
n—oo

n—oo n—oo
the result follows.

Let £ = {(z,y) : 0 <2 < 00,0 <y < 1}. We consider on E the restriction of the product Borel
o-algebra, and the restriction of the product Lebesgue measure A x \. Let f : E — R be given

by f(z,y) =y sinze™*Y.
(a) Show that f is A x X integrable on E.
(b) Applying Fubini’s Theorem to the function f, show that

0 gi l—e® 1
/ ST ( < - e“””) dr = = log 2.
0 T T 2

Proof (a) Notice that f is continuous, and hence measurable. Furthermore, |f(z,y)| < ye™*v.
The fuction g(z,y) = ye~*Y is non-negative measurable function, hence by Tonelli’s Theorem,

/ FEpld x N(z,y) < / ye"d(A x ) (x,y)
E E

1 0o
// ye~ Ydxdy
o Jo
1
= /1dy:1.
0

Notice that the integrands are Riemann integrable, hence the Riemann integral equals the
Lebesgue integral, also the second equality is obtained by integration by parts. This shows
that f is A x X integrable on FE.

Proof (b) By Fubini’s Theorem,

1 o0 oo 1
/ fla,y)d(A x A)(z,y) = / / y sinx e "Ydxdy = / / y sinx e” “Ydydzx.
E o Jo o Jo

Using integration by parts, one has

- y
/ ysinze Ydr = — .
0 y° + 1

Hence,

1
1
/Ef(x,y)d(kxk)(x,y)=/o yzildy=§log2-

On the other hand, again by integration by parts one has,

1 . .
sinx (1—e™"
/ ysinze "Vdy = < — e‘””) .
0 X X

> si 1—e® 1
/ S < c e’”) dx = = log 2.
0 T T 2

Therefore,




