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Measure and Integration: Solutions Retake Final 2013-14

(1) Consider the measure space ([0,1]B([0,1]),A), where B([0,1]) is the restriction of the Borel o-
algebra to [0,1], and X is the restriction of Lebesgue measure to [0,1]. Let Ey,---,E,, be a
collection of Borel measurable subsets of [0,1] such that every element 2 € [0, 1] belongs to at
least n sets in the collection {E;}™ ,, where n < m. Show that there exists a j € {1,---,m}

j:la
such that A(E;) > n (1.5 pt)
m

Solution: By hypothesis, for any x € [0,1] we have Z 1g;(z) > n. Assume for the sake of
j_
getting a contradiction that \(E;) < — " for all 1 < j < m. Then,
m

n:/ ndAg/ZlEj(x)d)\:Z)\(Ej)<Z£:n7
[0,1] j= =1 = m
a contradiction. Hence, there exists j € {1,---,m} such that A(E;) > %

(2) Let (X,F,u) be a measure space, and 1 < p, g < oo conjugate numbers, i.e. 1/p+1/¢g =1. Show
that if f € £P(p), then there exists g € £7(p) such that ||g||q =1 and [ fgdp = ||f|[p- (1.5 pt)

p—1
Solution: Note that g(p — 1) = p, so we define g = sgn(f) <|ff||> . Then,
P

I
7d du = 1.
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/fg 1 /Ifg\ 1 TG w=|lfll

(3) Consider the measure space (R, B(R), A), where B(R)) is the Borel o-algebra and A is Lebesgue

1
measure. Let f € £1(\) and define for h > 0, the function fj,(z) = h/[ Y F(®) dA(2).
x,r+

So ||lg]lg =1 and

(a) Show that fj is Borel measurable for all A > 0. (1 pt)
(b) Show that f, € LY(\) and ||fall1 < ||f]]1- (1 pt)

Solution (a): For h > 0, define w,(t, x) = 31, ,44)(t) f(t), then w, is B(R) ® B(R) measurable.
Applying Tonelli’s Theorem (Theorem 13.8(ii) ) to the positive and negative parts of the function
up, we have that the functions

T — /u+(t,x) dA(t) = f;7 (), and x — /u*(t,x) dA(t) = f, (x)
are B(R) measurable. Hence, f} is Borel measurable for all h > 0.
Solution (b): Note that

[ [ 3team@lsolaxz an = [ [ 1en@irolaean = [ 1w

Hence, by Fubini’s Theorem f;, € £()\) and

[15@lax@) = [ [ @0l dae = [ 17@]drw = 1]



(4)

Consider the measure space (R,B(R), ), where B(R) is the Borel o-algebra, and A Lebesgue
measure.

(a) Show that for any u € L£'(X), one has ulp,_1/5.n+1/n] 0. (1 pt)

(b) Show that for any u € L()), the sequence (|u|1j,_1/nn+1/n]) is uniform integrable. (1 pt)
(c) Show that for any u € £*(\) one has, lim,, .. f[nfl/n’nﬂ/n] udh =0. (1 pt)

Proof (a): Let u € £L}()\), and set A,, = [n — 1/n,n+ 1/n]. For any € > 0 and anyA € A with
A(A) < oo, one has

MAN{|ulla, >€}) =AANA, N{ul > €}) < A(An) = 1/2n.
This shows that lim, .o A(A N {|u|la, > €}) =0, and hence ula, 0.

Proof (b): Let u € £}()\). Note that |u|14, < |u|, thus the set {|u|la, > |u|} is empty. By
Theorem 10.9(ii), we have
|ulla, dA=0
{lulla, >ul}
for all n and hence sup,, f{lu\lA >Jul} u|la, d\ = 0. Taking w. = |u] for any € we see that the

sequence (|u|14, ) is uniformly integrable.

Proof (c): By part (b), the sequence (|u|l4,) is uniformly integrable. Hence, by part (a) and
Vitali’s Theorem 16.6 we have

lim /|u\1,4n d\ = lim |jula, |l = 0.
n—oo

n— o0
Since

limsup| [ uly, dA| < limsup/ |u|la, d\ = lim /|U|1An dA=0
n—00 n—0o0

n— oo
the result follows.

Let (X, A, 1) be a measure space and f € L£'(u). Define A4, = {z € X : 1/n < |f(x)| < n}, for
n > 1. Show that for every e > 0, there exists a positive integer N, such that pu(Ay) < oo and

fA?v |fldu < €. (2 pts)
Solution: Note that A; C Ay C--- and |J,—, A, ={z € X : 0 <|f(z)] < co}. Define
Ap={r e X : f(x) =0}, and A ={z € X :|f(x)] = o0},

and set A =(J 2| A,, then, X = AU AU A is a disjoint union. By integrability of f, we have
1(As) = 0 and since f = 0 on Ay, we [ |f|dp = [, |f|dp. Since |f[1a, 7 |f|1a, we get by

Beppo-Levi that
tiw [ Ildu= [ \fldu= [ Ifld
n—o0 J 4 A

Now given € > 0, choose NN sufficiently large so that

/ANIfldu>/|f|du—e:/AN|f|du+/A%|f|du_6_

Since [, |fldu < oo, this implies that [,. |f[du < e. By definition of Ay we get
N

u(AN>/1ANdus/ANN|f|duN/|f|du<oo.



