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Measure and Integration: Final 2015-16

Consider the measure space [0,1],5([0,1]), A) where A is Lebesgue measure on [0,1]. Define

2,2
Un(x) = 7962 for x € [0,1] and n > 1. Show that
14+ nx
2,2
lim L dN@) = 1/2.
n—o00 [0,1] 1 + nex
(1 pt)

Suppose p and v are finite measures on (X,.A). Show that there exists a function f € £ (n),
and a set Ag € A with p(Ap) = 0 such that

v(E) = /Efdu +v(AgN E),
for all E € A. (1.5 pts)
Consider the measure space [0,1),B([0,1)), A) where A is Lebesgue measure on [0,1). Let Dy =
[0,1/2) and Dy, = [g?ﬂi?’), k > 2. Define u(x) = V25— for & € Dy, k > 1. Determine
the values of p € [1,;1) suchiilllat u € LP(N). In case u € LP()N), find the value of ||ul|,. (2 pts.)

Let (X, A, 1) be a o-finite measure space, and Let (u;); € £*(n). Suppose (u;); converges to u

u a.e., and that the sequence (u;) is uniformly integrable. Prove that liminf [ wu, du > / u dp.
n— oo

(2 pts)

Let (X, A, u) be a o-finite measure space, and assume u € M*(A). Let ¢ : [0,00) — R be
continuously differentiable (i.e. ¢ exists and is continuous) such that ¢(0) = 0 and ¢’ > 0 for all
t > 0. Show that

[ ooudn= [ Ol X ule) = ) dre)
X [0,00)
Conclude that if v € £% (1), then
/ uP dp = p/ P u({z € X s u(z) > t}) d(t).
X [0,00)

(2 pts)

Let (X, A, 1) be a measure space and f € £(u) N L2 (p).
(a) Show that f € £P(u) for all 1 < p < 2. (1 pt)
(b) Prove that Tim 177 = 1fll- (1pt)



