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Measure and Integration: Solutions Practice Final IT 2015-16

(1) Consider a measure space (X,.A, i), and let (f,), be a sequence in £2(p) which is bounded in
the £2 norm, i.e. there exists a constant C' > 0 such that ||f,|]2 < C for all n > 1.
(a) Prove that Y00 ({)2 Gﬁl()
(b) Prove that lim f— =0 p a.e.
n—oo M

Proof (a): First observe that

ZH ||2—Z” >Lex

n=1

Now, by Beppo-Levi and the above, we have

/Z(%ydﬂzz/(% ZH 3 <
n=1
Hence, 7, (f”) Eﬁl( )-

Proof (b): Since >0 ({2)2 ¢ L(p), then S ()2 < coppae. and asaresult lim (&) =0
W oae. nmee

(2) Consider the measure space ((0,00), B((0,000)), A), where B((0,00)) is the restriction of the Borel
o-algebra, and A\ Lebesgue measure restricted to (0,00). Determine the value of

d\(x).

cos(x®)

lim
n—=0 J(0,n) 1+ nz?

Proof: Let u,(z) = 1) jﬁ(f;g and

1 f0<ax<1
g9(x) =
/2% ifz > 1.
Then, lim,,—, oo un(z) = 0 for all z > 0, and |u,| < ¢g. Furthermore the function g is measurable,
non-negative and the improper Riemann integrable on (0, 00) exists, it follows that it is Lebesgue
integrable on (0, 00). By Lebesgue Dominated Convergence Theorem

lim dA\(z) = lim [ up(z)dA(x) :/ lim wu,(z)dA(z) = 0.

n—oo (0,n) 1+ ngj‘2 n—o00 n—o00

cos(x®)

(3) Let (X, A, u) be a finite measure space. Suppose fn, gn, f, g € M(A) (n > 1) satify the following:
(i) fu = f,
(i) gn L g,
(iii) |fn| < C for all n, where C > 0.
Prove that fngn = fg.

Proof: Let € > 0 and 6 > 0, since p is a finite measure, it is enough to show that there exists
N > 1 such that
p{x € X ¢ |fugn — fg| > €}) < 4§, foralln > N.

First note that

|fngn - fg| < |fn||gn _g| =+ |g||fn - f|7
thus,

p{z € X |fugn — fol > €}) < p({z € X - [fullgn — gl > €/2}) + n({z € X = [gnllfn — fI > €/2}).
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Let E, ={z € X : |g| > n}, then E; D E5 D -, and since g is real valued we have (| °_, E,, = 0.
By finiteness of u, we have

Jim (B ﬂ B

Choose m large enough so that u(E,,) < 6/3. By properties (i) and (ii), there exists N > 1 so
that for n > N,

p{z € X i |fu — fl >€¢/2m}) < §/3, and pu({zx € X : |gn — g| > €¢/2C}) < §/3.
Then for all n > N,

u({ € X | fullgn — gl > ¢/2)) < p({x € X |gu — gl > /2CY) < /3,
and
W € X gllfu— I > ¢/21) < pl(B) + p({a € B, < |fu — f] > ¢/2m}) < 263

Therefore, pu({z € X : |fugn — fg| > €}) <& for all n > N, and hence f, g, = fg.

Let (X,.A) be a measurable space and p, v are finite measure on A. Show that there exists a
function f € £ (1) N LY (v) such that for every A € A, we have

Ja=nin= [ sa

Proof: First note that p+v is a measure (Exercise 4.6(ii)), and that g4 < p+v. By using a stan-
dard argument (first checking indictor functions, then simple functions, then positive functions,
then general integrable functions) one sees that for any g € £ (u+v) one has g € L (u) N LY (v),

and
/gd(u+u):/gdu+/gdu.

Now the condition [,(1—f)du = [, f dvis equivalent to u(A) = [, f d(u+v). Since p < p+v,
then by Radon-Nikodym Theorem there exists f € £} (1 + v) such that p(A) = [, fd(u+ v).
Thus, f € LY (u)N LY (v) and [,(1— f)dp = [, fdv forall Ac A.

Let 0 < a < b. Prove with the help of Tonelli’s theorem (applied to the function f(xz,t) = e=%)
that f[o oo)(e_at _bt) d/\( ) = log(b/a), where X\ denotes Lebesgue measure.

Proof Let f : [a, ] [0,00) be given by f(z,t) = e " Then f is continuous (hence
measurable) and f > 0. By Toneli’s theorem

/ / e~ Tt (z) dA(t / / e~ Tt A(L) dA(z).
0,00) J[a,b] a,b] J[0,00)

For each fixed z € [a, b], the function ¢ — e~*! is positive measurable and the improper Riemann
integrable on [0, 00) exists, so that

o 1
/ e TtdN(t) = / e tdt = —.
[0,00) 0 €

1
Furthermore, the function £ — — is measurable and Riemann integrable on [a, b], thus
x

b
/ / e "tAN(t) d\(z) = / 1 d\(z) = / 1 dx =log(b/a).
[avb] [0700) [a,b] €T a €

On the other hand,

1
/ / e~ td\(x) dA(t / / etz dA(t) / (e79 —e~P)Zd(t).
[0,00) /[a,b] [0,00) [0,00) L

Therefore, [, _ (e”* — _bt) d/\() log(b/a).

[0,00)
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(6) Let (X, A, u) be a finite measure space and f,, f € M(A), n > 1. Show that f, converges to f

in g measure if and only if lim | —————du =0.
# Y n— 00 1+ |fn — f| H
Solution: First note that 1J|rf7|lf_f|f| <1 foralln > 1, and since pu(X) < oo we have 1 € L (p).

Now assume that f, ©» f, and let ¢,6 > 0 , then there exists N such that
p{z e X ¢ |fu(z) — f(x)] > 6}) <e, foralln> N.
Let A={z € X :|fu(z) — f(z)| > 0}, then for all n > N

— = _du= — — d odu.
/1+|fn—f| a /Al+|fn—f| “/Ac1+|fn—f| “S/Al HE Lo

Thus, for all n > N
|fn_f|
————dpu < e+ 6u(X).
/H\fnff\ 8 HX)

dup = 0.

. [fn = 1l
Conversely, assume lim [ ——————

Thus, lim M

dp =0, and let € > 0. There exists N such that

/mdﬂ<62/(1+6), for all n > N.

Observe first that

|fn B fl > €
L+ |fa—f1" 1+€
Thus, by Markov Inequality, we have for all n > N

| ) o Cfu— ] € 1+¢ | fr — [l
p({r € X :[fulz) = f(2)] > €}) = p({z € X : = b= /1+|fn—f|
Thus, fni>f

|fo—fl>e <

du < e.
T 1fa—f1  The = e :



