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Measure and Integration: Solutions Hertentamen 2014-15

(1) Consider the measure space ([0,1),B([0,1)), A), where B(]0,1)) is the Borel o-algebra restricted
to [0,1) and A is the restriction of Lebesgue measure on [0,1). Define the transformation T :
[0,1) — [0,1) given by

3x 0<z<1/3,
T(x) =4 3xz—1, 1/3<x<2/3

3r—2, 2/3<z<1.
(a) Show that T is B([0,1))/B([0,1)) measurable. (0.5 pts)
(b) Determine the image measure T'(A\) = Ao T~1. (0.5 pts)
(c) Show that for all f € £1()) one has, [ fd\= [ foTd\. (0.5 pts)
(d) Let C={A € B([0,1)) : N(T"*AAA) = 0}. Show that C is a o-algebra. (0.5 pts)

Solution(a): To show T is B([0,1))/B([0,1)) measurable, it is enough to consider inverse images
of intervals of the form [a,b) C [0,1). Now,

a b a+1 b+1 a+2 b+2
=, U

O TT G et V] G R

77 ([a,0) = ) € B([0,1)).

Thus, T is measurable.

Solution(b): We claim that T'(\) = A. To prove this, we use Theorem 5.7. Notice that 5([0, 1)) is
generated by the collection G = {[a,b) : 0 < a < b < 1} which is closed under finite intersections.

Now,
TOV(a,) = AT (1)
= M) H M ) a0t 2D
= b—a=X\[a,))).

Since the constant sequence ([0, 1)) is exhausting, belongs to G and A([0,1)) = T(\([0,1)) =1 <
00, we have by Theorem 5.7 that T'(A) = A.

Solution(c): We use a standard argument. Assume first that f = 14 for some A € B([0,1).
Note that 17-14 = 14 o T, hence by part (b),

/fd/\:/lAd)\:/\(A):/\(TflA):/lelAd/\:/1Aon)\:/fon>\.

n

Now, let f € £, and let f = Za’i]‘Ai be a standard representation of f. By linearity of the
i=1

integral and the above, we have

/fd/\:Zai/lAid)\:Zai/lAion)\:/ZailAion/\:/fon)\.
i=1 i=1 i=1

Assume now that f € £ ()), then there exists an increasing sequence (f,,), in €T such that
f =sup f,. By Beppo-Levi, we have
n

/fd)\zsup/fnd)\zsup/fnon)\z/supfnon)\z/fon)\.

n

Finally, consider f € £L*()), then f*, f~ € £1 (), and

/fd)\:/f*d)\—/f_d/\:/fjon)\—/f‘on/\:/fon)\.



Solution(d): We check the three conditions for a collection of sets to be a o-algebra. Firstly,
[0,1) € B([0,1)) and T~%([0,1)) = [0,1). Thus A(T~*([0,1))A[0,1)) = A(?) = 0 so that [0,1) € C.
Secondly, Let A € C, then A(T"1AAA) = 0. Since T is a measurable function and A € B([0,1)),
then (T—1A)¢) € B([0,1)). Since (T71A)¢) = T71A°, and T"'AAA = T-1A°AA°, we have
AT 1A°AAC) = NT1AAA) = 0, so A° € C. Thirdly, let (A,) be a sequence in C, then
A, € B([0,1)) and AM(T"1A,AA,) = 0 for each n. Since B([0,1)) is a o-algebra, we have
U,, An € B([0,1)). Note that

(YA =14, and T UA AUA cU T 'A,AA,)
Thus,
A(T‘l(UAn)AUAn> < ZA(T‘lAnAAn> =
Hence, |J,, A5, € C. This shows that C is a o-algebra.

Consider the measure space ((0,00), B((0,00)), A), where B((0,0)) is the restriction of the Borel
o-algebra, and A\ Lebesgue measure restricted to (0,00). Determine the value of

) cos(z9)
nl;rréo oy 1 a2 dA(x).

(2 pts)

Proof: Let u,(2) = 1 n) iojgfxz) and

1 ifo<z<1
g9(x) =
/2% ifz > 1.
Then, lim,,—, oo uy(z) = 0 for all z > 0, and |u,| < g. Furthermore the function g is measurable,

non-negative and the improper Riemann integrable on (0, 00) exists, it follows that it is Lebesgue
integrable on (0, 00). By Lebesgue Dominated Convergence Theorem

lim d\(z) = lim [ up(z)dA(x) :/ lim wu,(x)dA(z) = 0.

n—o0 (0,n) 1+ ’naj2 n—o0 n—o00

cos(z®)

Let (X, A, 1) be a finite measure space, and 1 < p, ¢ < oo two conjugate numbers (i.e. 1/p+1/q =
1). Let g € M(A) be a measurable function satisfying

/\fgmug Cllfly

for all f € £P(p) and for some constant C.
(a) Forn >1,let B, ={z € X :|g(z)| <n} and g,, = 1g,|g|??. Show that g, € LP(u) for all
n > 1. (0.5 pts)
(b) Show that g € £(u). (1.5 pts)
Proof(a):
/|gn|p dp = /1En|g|q dp <nu(E,) <oon > 1.

Thus, g, € LP(u) for all n > 1.
Proof(b): Since g, € LP(u) for all n > 1, then by hypothesis,

[ langldae < Clgal

However, |gng| = 1g,[g|? = [gnl?, and ||gn|[b = ||[1E,g[|§. Substituting these in the above
inequality, we get
5,9l = [ L,lol" du < Cl1e,olly"

implying ||1g, g||; < C. Since (E,) is an increasing sequence of measurable sets with |J—; E,, =
X, then 15,]9|?  |g|?. By Beppo-Levi we have ||g||, < C, and hence g € LI(p).



3

(4) Let (X, A, n) be a o-finite measure space, and (f;) a uniformly integrable sequence of measurable
functions. Define Fy = sup;<;<y |f;] for k> 1.
(a) Show that for any w € M+ (A),

k
Fidpi < / £l d.
/{Fk>w} ]2 {lfj|>w}
(0.5 pts)
(b) Show that for every e > 0, there exists a w. € £} () such that for all k > 1

/deug/wedu+ke.
X X

(1 pt)
(c¢) Show that

(0.5 pts)
Proof (a) Let w € M™*(A), then

k

/ Frpdp < Z/ Fy. du
{Fr>w} {Fr>w}n{|f;|=Fk}

j=1

k
<>/ il
j=1 7 {lfI>w}

A

Proof (b) Let € > 0. By uniform integrability of the sequence (f;) there exists we € L1 (p) such

that
[ inldu<e
{lfil>we}

for all j > 1. By part (a)

k
[ omasy [ igldu<e
{Fr>we} j=17{lfil>we}

Now,

/deu - / deu+/ Fydy
X {Fk>’wg} {Fkgwe}

< ke —|—/ We dft.
X
Proof (c) For any € > 0, by part (b),

1 1
- Frdu < = e d .
k/X ¢ “*k/x“’ e

1
lim sup %/ Frdu <e,
X

k—o0

Thus,

for any e. Since F}, > 0, we see that
1 1
limsupf/ Fidp = lim 7/ Fr.dp = 0.
k—oo K Jx k—oo k ) x
(5) Consider the measure space (R, B(R),\), where B(R) is the Borel o-algebra, and A Lebesgue

measure. Let k,g € £1()\) and define F : R? - R, and h: R — R by

Fla,y) =k —y)9(y).
(a) Show that I is measurable. (1 pt)



(b) Show that F' € £1(\ x A), and

[ Famdoos @ = ( [ s ([ omam).
(1 pts)

Proof(a): To show measurablity of F, we first extend the domain of g to R? as follows. Define
7:R? = R by g(x,y) = goma(z,y) = g(y). It is easy to see that g is B(R?)/B(R) measurable.
Moreover, the function d : R?> — R given by d(z,y) = x — y is continuous hence B(R?)/B(R)
measurable. Since

Fz,y) =
is the product of two B(R?)/B(R
surable.

k(z —y)g(y) = ko d(z,y)g(x,y)
) measurable functions, it follows that F' is B(R?)/B(R) mea-

Proof(b): Since Lebesgue measure is translation invariant, we have

[ [FFeplawanw = [ [k -pliwlawio
= [ [ k@l ax@an)
- /|k(x)|dA(x)/|g(y)|dA)(y) <o

By Fubini’s Theorem, this implies that F' is A x A integrable, and

[Faman @y = [ [k -nowire i
[ [ a1 axzanw)
e / 91N ().



