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Measure and Integration: Solutions Quiz 2013-14

1. Consider the measure space (R, B(R), A), where B(R) is the Borel o-algebra on R,
and A is Lebesgue measure.

(a) Show that any monotonically increasing or decreasing function f : R — R is
Borel measurable i.e. B(R) \ B(R) measurable. (1.5 pts)

(b) Show that for any f € M™(R), and any a € R, one has

/fx—ad)\ /f ) d\(x

(Hint: start with simple functions.) (1.5 pts)

Proof (a): Assume with no loss of generality that f is monotonically increasing.
For any a € R, consider the set A, = {r € R: f(z) > a}, and let

g =sup{z € R: f(x) < a}.
Notice that
(xg,00) if f(xg) =a

[z, 00) if f(z0) # a.

Aa=f"((a,00)) =

By Lemma 8.1, f is Borel measurable.

Proof (b): We apply the standard argument. Suppose first that f = 1,4, where
A € B(R). By translation invariance of Lebesgue measure, we have for any a € R

/1,4(95) dA\(z) = AMA) = AA+a) = / 1ara(z) dA(z) = /1A(9c —a) d\(z).

Hence the result is true for indicator functions. Suppose now that f € £7, and let
f=>""ya;14, be a standard representation. Then

/f ) d\(x Zaz/u ) d\ (@ Zaz/lead)\ /f:cad)\

Now let f be any non-negative measurable function. Then, there exists an increasing
sequence (g,) € £ converging (pointwise) to f. By Beppo-Levi, we have

/f(:z) d\(z) = lim [ g,(z)d\(z) = lim [ g,(z —a)d\(x /f x —a)d\(x).

n—oo n—oo



2. Let (X, A, 1) be a measure space, and let (X, A% ) be its completion (see exercise
4.13, p.29).

(a) Show that for any f € £7(A*), there exists a function g € £7(A) such that
g(x) < f(z) for all x € X, and

a({z € X : f(x) # g(x)}) = 0.

(1.5 pts)

(b) Using Theorem 8.8, show that if u € MI(A*), then there exists w € MI(A)
such that w(z) < u(zx) for all x € X, and

fl{r € X s w(z) £ u@)}) = 0.

(1.5 pts)
Proof (a): Let f =", a;14: be a standard representation of f, with a; > 0 and
Ar € A* pairwise disjoint and | J;_, Af = X. By Exercise 4.13 (i), for each ¢ there

exist A;, M; € A and N; C M; such that u(M;) = 0 and Af = A; U N;. Define
g=>1" a1y, then g€ ET(A), and g(z) < f(z) for all z € X. Furthermore,

i({r € X : f(z) # g(2)}) < Z,U(Mi) = 0.

Proof (b): Let u € M= (A*). By Theorem 8.8, there exists a sequence (u,), €
ET(A*) such that u,  u. By part (a), for each n, there exists w, € £1(A) with
wy, < up and a({x € X : wy(x) # uy(x)}) = 0. Let w = sup,, wy, then w < u, and
by Corollary 8.9 we have w € M%(A). Finally, since

e}

{reX w)#ul@)} C | Hre X wa(@) # ua(x)},

n=1

we get
A{r € X :w(x) #u@)}) <Y al{r € X s wy(x) # un(x)}) = 0.

3. Let (X, B, 1) be a finite measure space and A be a collection of subsets generating
B,ie. B =0(A), and satisfying the following conditions: (i) X € A, (ii) if A € A,
then A° € A, and (iii) if A, B € A, then AUB € A. Let

D ={Ae€B:Ve>0,3C € A such that u(AAC) < e}.

(a) Show that if (A,), C D and € > 0, then there exists a sequence (C,), C A
such that

(1 pt)



(b) Use Theorem 4.4 (iii)" to show that there exists an integer m > 1 such that

(1 pt)
(¢) Show that D is a o-algebra. (1 pt)
(d) Show that B =D. (1 pt)

Proofs (a), (b) and (c): First note that since X € A, then X € D. Now let
A € D and € > 0. There exists C' € A such that u(AAC) < e. Since C° € A
and AAC = A°AC*®, we have u(A°AC*) < e and hence A° € D. Finally, suppose
(An)n € D and € > 0. For each n, there exists C,, € A such that u(A,AC,) <
g/2"*1. Tt is easy to check that

D A, A G C, C G(AnACn),
n=1 n=1 n=1
so that

1 (G A, A G Cn) < iu(AnACn) <eg/2.

n=1

Since A is closed under finite unions we do not know at this point if (J>7 , C,, is
an element of A. To solve this problem, we proceed as follows. First note that
N, CE N\ N, C%, hence by Theorem 4.4 (iit)’

u(DAnﬂﬁCﬁ> :nlignoo/L(GAnﬂﬁCZ),
n=1 n=1 n=1 n=1

and therefore,
u(GAnAGcn) :J%M<(6Anmﬁcg)u(ﬁf4;m GCn)).
Hence thenr:el existsnrznl sufficiently large o lthat - o
" ((G A, N ﬁc;)wﬁ A° N DC@) < (D AnADCn> +e/2.
w1 e el ol W el

Since (), As U, C, SN2, As U2, C,, we get

[ ((U AN () CHu () 4N Ucn)> < (U AnAUCn> +e/2.
n=1 n=1 n=1 n=1 n=1 n=1
Thus,
o <(U AN Cn)> <e,
n=1 n=1
and |J", C,, € A since A is closed under finite unions. This shows that |~ A, €
D. Thus, D is a o-algebra.

Proof (d): By definition of D we have D C B. Since A C D, and B is the smallest
o-algebra containing A we have B C D. Therefore, B = D.



