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Let (X, B,v) be a measure space, and suppose X = U E,,, where {F, } is a collection of pairwise
n=1
disjoint measurable sets such that v(E,,) < oo for alln > 1. Define p on B by p(B) = Z 27"y(BN
n=1

En)/(v(En) +1).
(a) Prove that p is a finite measure on (X, B). (10 pt.)
(b) Let B € B. Prove that u(B) = 0 if and only if v(B) = 0. (10 pt.)

Proof (a): Clearly () =0, and

S BB 1) £ Y 2 = 1 <o,

3

Uz Cm) = D270 Cm) N Ea)/(w(Bn) +1)

Thus, p is a finite measure.

Proof (b): Suppose that v(B) = 0, then v(B N E,) = 0 for all n, hence u(B) = 0. Conversely,
suppose p(B) =0, then v(BN E,) =0 for all n. Since X = U E,, (disjoint union), then

n=1

v(B) = BﬁUE _VGBmE :i (BN E,)
n=1 n=1

n=1

Consider the measure space (R,B(R),\), where B(R) is the Borel o-algebra, and A Lebesgue
n
measure. Determine the value of lim z? (1 - E) dA(z). (20 pt.)
n

n—oo (07,”‘)
Proof: Let u,(z) = L(g»@? (1 — £)", then lim, o0 un(2) = 1(g,00)z’e". Using the fact that
(1 — %)n /e ® we see that u,(x) < 1(0,00)126*“’. Since the function z2e~® is measurable,
non-negative and the improper Riemann integrable on [0, 00) exists, it follows that it is Lebesgue
integrable on [0,00) (and hence also on (0,00)) and its value equals the improper Riemann
integral. By Lebesgue Dominated Convergence Theorem, we have

lim 2 (1—5)” d\z) = lim [ up(z)d\(z)
(0,n)

n— o0 n n— o0

oo
/1(0,00)3326_°”d)\(96) = / r?e " dr = 2.
0
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Let X be a set, and C C P(X). Consider o(C), the smallest o-algebra over X containing C, and
let D be the collection of sets A € o(C) with the property that there exists a countable collection
Co C C (depending on A) such that A € o(Cyp).

(a) Show that D is a o-algebra over X. (12 pt.)

(b) Show that D = o¢(C). (8 pt.)

Proof (a): Clearly § € D since ) belongs to every c-algebra. Let A € D, then there is a
countable collection Cy C C such that A € o(Cp). But then A° € 0(Cyp), hence A° € D. Finally, let
{A,} be in D, then for each n there exists a countable collection C,, C C such that A, € o(C,).
Let Co = |UJ,,Cn, then Cy C C, and Cp is countable. Furthermore, ¢(C,) € o(Cp), and hence
A, € 0(Cy) for each n which implies that |J,, An, € o(Co). Therefore, |J,, An € D and D is a
o-algebra.

Proof (b): By definition D C ¢(C). Also, C C D since C € o({C'}) for every C € C. Since o(C)
is the smallest o-algebra over X containg C, then by part (a) o(C) € D. Thus, D = o(C).

Let (X, A, u1) and (Y, B,v1) be o-finite measure spaces. Suppose f € L!(u1) and g € L (1) are
non-negative. Define measures o on A and v, on B by

z/fd,ul and 1/2(B):/gd1/1,
A B
for Ae Aand B € B.

(a) Fr De A@BandyeY,let D, ={z € X : (z,y) € D}. Show that if y1(D,) =0 v; ae.,
then po(Dy) =0 v7 ae. (7 pt.)

(b) Show that if D € A® B is such that (u1 X v1)(D) =0 then (u2 x v2)(D) = 0. (6 pt.)

(c) Show that for every D € A ® B one has

(2 X v)( / flx w1 X v1)(x,y).

(7 pt.)

Proof(a) Suppose p1(Dy) =011 ae. Let B={y €Y : y1(Dy) >0}, and C = {y € Y :
p2(Dy) > 0}. By our assumption, v;(B) = 0. By Theorem 10.9(ii), for any y € Y \ B one has
p2(Dy) = 0. Thus, C' C B, so that v1(C) = 0. Applying Theorem 10.9(ii) again, we see that
vo(C) = 0. Thus, ps(Dy) =0 vy a.e.

Proof(b) Suppose that D € A® B is such that (u; x v1)(D) = 0. Then,

[ m(D,) dnta) = (i x m)(D) =0

By Theorem 10.9(i), we have that ui(D,) = 0 v; a.e. By part (a) above this implies that
p2(Dy) = 0 o a.e. Thus, by Theorem 10.9(i)

(12 % v2)(D) = [ a(Dy) dvaly) = 0.

Proof(c) By Tonelli’s Theorem, we have

(42 x 12)(D) = /Y /X 1p, (2) dia(z) dva(y)

= [ ([ anse )dul(w)) dvay)
( /X 1p,(2)/() dua(a) ) o) ()

/ 15(2,9) F()g(y) dpis () do (y)

X

y 1p(z,y) f()g(y) d(p1 x v1)(,y)

f(@)g(y) d(pa x v1)(,y).

I
— e — . S



3

(5) Let (X, A, ) be a probability space and let f € M(A). Suppose (f,) C M(A) converges in
measure to f, i.e. f, LN f-
(a) Show that there exists a sequence ny < ng < --- such that

p({w € X« [fo, () — f(@)] > 1/k}) < 27F,
for all K > 1. (8 pt.)

(b) Let Ay = {2 € X : |fn,(x) — f(z)| > 1/k} and A= (] | ] Ax. Show that pu(A) = 0, and
n=1k=n
limy, 00 fn, () = f(x) for all x ¢ A. Conclude that f,, — f 1 a.e. (12 pt.)

Proof(a) Using convergence in measure, the sequence ny is defined inductively as follows.
Starting with €; = 1, we find n; such that u({z € X : |f,, (z) — f(z)| > 1}) < 27!, Now choose
€2 = 1/2, we find ny > ny such that u({z € X : |fu,(x) — f(z)] > 1/2}) < 272. Continuing
in this manner, we find at the kth stage an ny > ngx_1 such that u({z € X : |fn, (z) — f(z)| >
1/k}) <27k

Proof(b) Let Ay = {x € X : |fn,. () — f(x)] > 1/k} and A = ﬂ U Ag. By part (a)
- n=1k=n
w(Ar) < 27% and hence Z,u(Ak) < oo. By Borel-Cantelli Lemma (Exercise 6.9), we have

k=1
w(A) = 0. For x ¢ A, there exists n > 1 such that = ¢ U Ap. This implies that « ¢ Ay for

k=n
all £ > n and therefore |f,, () — f(z)| < 1/k for all & > n. Thus, klim frn () = f(x) for all
—00
x € X\ A. Since u(X \ A) =1 we have that f,, — f p a.e



