Universiteit Utrecht Mathematisch Instituut 3584 CD Utrecht

Measure and Integration Quiz, 2016-17

1. Let (X, A) be a measure space such that A = ¢(G), where G is a collection of subsets
of X such that ) € G. Show that for any A € A there exists a countable collection
Ga C G such that A € 0(Ga). (2.5 pts.)

2. Let (X, A, p) be a measure space, and (f,), C M™T(A) a sequence of non-negative
real-valued measurable functions such that lim, ., f, = f for some non-negative
measurable function f. Assume that

lim fndu:/fd,u<oo,
and let A € A.

(i) Show that
/lAfd,u > limsup/lAfndu.

n—o0

(Hint: apply Fatou’s lemma to the sequence g, = f, — 1af,.) (2.5 pts.)
(ii) Prove that

/ 1af dji = lim / Lafo dpt,
n—oo
(1 pt.)

3. Let (X,A, ) be a probability space (so u(X) = 1), and T : X — X an A/ A
measurable function satisfying the following two properties:
(a) u(A) = u(T-1(A)) for all A € A,
(b) if A € A is such that A = T~(A), then u(A) € {0,1}.
The n-fold composition of T" with itself is denoted by 7" =T oT o---0oT, and T™"
is the inverse image of the function 7.

(i) Let B € A be such that u(BAT(B)) = 0. Prove that u(BAT"(B)) = 0
for all n > 1. (Hint: note that EAF = (E N F°) U (F N E°), and that in
any measure space one has u(FAF) < p(EAG) + u(GAF), justify the last
statement) (1 pt.)

(ii) Let B € A be such that u(BAT*(B)) = 0, and assume pu(B) > 0. Define
C=N>_,Ux, T ™(B). Prove that C satisfies u(C) > 0, and T7'(C) = C.
Conclude that pu(C) = 1. (1.5 pts.)

(iii) Let B and C be as in part (ii), show that

BAC C G(T”(B)AB).

Conclude that u(BAC) =0, and u(B) = 1. (1.5 pts.)



