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Measure and Integration: Retake Final 2016-17

(1) Consider the measure space (R, B(R), A), where B(R) is the Borel o-algebra and X is Lebesgue
measure. Let B € B(R) be such that 0 < A(B) < oo, and define g : R — R by

g(z) = A(Bﬂ (—oo,x}).

(a) Prove that g is a uniformly continuous function. (1 pt)

(b) Show that for any « € (0, A(B)) there exists a Borel measurable subset C,, of B such that
AMCq) = a. (1 pt)
(2) Let (X, A, i) be a finite measure space, and f € M(A) such that f > 0 p a.e. Define
D={zeX: f(x)>0tand D, ={zx € D: f(x) >1/n}, n>1.
(a) Show that for every e > 0 there exists ng > 1 such that pu(D\ D,,) < e. (1 pt)

(b) Show that for every e > 0 there exists a § > 0 such that if E € A with u(E) > €, one has
[ fn=s. e
E
(3) Let (X, A, 1) be a measure space, and p € [1, 00).
(a) Let f, fn € LP(u) satisfy ILm l|fn — fllp =0, and g, g, € M(A) satisfy le gn = g | a.e.
Assume that |g,| < M, where M > 0 is a real number. Show that ILm | fngn — fgllp, = 0.
(1 pt)

(b) Assume that u(X) < oo, and Uy, u, w,,w € M(A) such that u, £ u, and w, & w (i.e.
convergence is in measure). Assume further that |w| < M and |u,| < M for all n, where M
is some positive real number. Show that w,w, +> uw. (1 pt)

(4) Consider the function u : (1,2) x R — R given by u(t,z) = e~ cosz. Let A denotes Lebesgue
measure on R, show that the function F' : (1,2) — R given by F(t) = /67t12 cosx dA(x) is
R
differentiable. (1 pt)

(5) Let (X, A, u1) and (Y, B,v1) be o-finite measure spaces. Suppose f € L' (u1) and g € L' (1) are
non-negative. Define measures s on A and v on B by

ua(A) = / fdur and ve(B) = / gdvy,
A B
for Ae Aand B € B.
(a) Fro De A Bandy €Y, let Dy, ={z € X : (z,y) € D}. Show that if y1(D,) =0 11 ae.,
then ps(Dy) =0 15 a.e. (1 pt)
(b) Show that if D € A® B is such that (p; x v1)(D) =0 then (u2 x v2)(D) = 0. (1 pt)
(¢) Show that for every D € A ® B one has
(2 % 12)(D) = [ f@)al) s x ) (o).

(1 pt)



