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(1) Consider the measure space (R,B(R), λ), where B(R) is the Borel σ-algebra and λ is Lebesgue
measure. Let B ∈ B(R) be such that 0 < λ(B) <∞, and define g : R→ R by

g(x) = λ
(
B ∩ (−∞, x]

)
.

(a) Prove that g is a uniformly continuous function. (1 pt)

(b) Show that for any α ∈ (0, λ(B)) there exists a Borel measurable subset Cα of B such that
λ(Cα) = α. (1 pt)

(2) Let (X,A, µ) be a finite measure space, and f ∈M(A) such that f > 0 µ a.e. Define

D = {x ∈ X : f(x) > 0} and Dn = {x ∈ D : f(x) ≥ 1/n}, n ≥ 1.

(a) Show that for every ε > 0 there exists n0 ≥ 1 such that µ(D \Dn0
) < ε. (1 pt)

(b) Show that for every ε > 0 there exists a δ > 0 such that if E ∈ A with µ(E) ≥ ε, one has∫
E

f dµ ≥ δ. (1 pt)

(3) Let (X,A, µ) be a measure space, and p ∈ [1,∞).
(a) Let f, fn ∈ Lp(µ) satisfy lim

n→∞
||fn − f ||p = 0, and g, gn ∈ M(A) satisfy lim

n→∞
gn = g µ a.e.

Assume that |gn| ≤ M , where M > 0 is a real number. Show that lim
n→∞

||fngn − fg||p = 0.

(1 pt)

(b) Assume that µ(X) < ∞, and un, u, wn, w ∈ M(A) such that un
µ−→ u, and wn

µ−→ w (i.e.
convergence is in measure). Assume further that |w| ≤M and |un| ≤M for all n, where M

is some positive real number. Show that unwn
µ−→ uw. (1 pt)

(4) Consider the function u : (1, 2) × R → R given by u(t, x) = e−tx
2

cosx. Let λ denotes Lebesgue

measure on R, show that the function F : (1, 2) → R given by F (t) =

∫
R
e−tx

2

cosx dλ(x) is

differentiable. (1 pt)

(5) Let (X,A, µ1) and (Y,B, ν1) be σ-finite measure spaces. Suppose f ∈ L1(µ1) and g ∈ L1(ν1) are
non-negative. Define measures µ2 on A and ν2 on B by

µ2(A) =

∫
A

f dµ1 and ν2(B) =

∫
B

g dν1,

for A ∈ A and B ∈ B.
(a) For D ∈ A⊗ B and y ∈ Y , let Dy = {x ∈ X : (x, y) ∈ D}. Show that if µ1(Dy) = 0 ν1 a.e.,

then µ2(Dy) = 0 ν2 a.e. (1 pt)

(b) Show that if D ∈ A⊗ B is such that (µ1 × ν1)(D) = 0 then (µ2 × ν2)(D) = 0. (1 pt)

(c) Show that for every D ∈ A⊗ B one has

(µ2 × ν2)(D) =

∫
D

f(x)g(y) d(µ1 × ν1)(x, y).

(1 pt)
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