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Measure and Integration: Solutions Final Exam 2020-21

(1) Let (X,A, p) be a measure space and u € £*(p). Define the mesure v on A by v(A) = [, Juldpu.
Prove that for any v € £!(v), one has

fvdl/:f|u|vd,u.

(1.5 pts)

Proof: We use the standard argument. We assume first that v =4 for some A € A. Then

fvdy:f]IAdV:V(A):f|u|]1,4du:f\u\vd,u.

Assume v = Y7 a;14, is a simple function in standard form, with A; € A. By linearity of the

integral, we have
fvduz fZaiHAz: dv
i=0

=Y ala, [HAi dv
i=0

= > a;la, f |ulla, du
i=0

= f [ul > a;lla, du

i=0

= f |ulv dp.

Now assume that v > 0, then by Theorem 8.8 there exists an increasing sequence (f,, )neny € E¥(A)
with v = sup f,,. By Beppo-Lévi (applied twice) and the above, we have

n>1

f vdv=sup | fpdv=sup | |[u|fndu= / |u|sup fr, dp = f |ulv dp.
n>1 n>.1

n>1

Finally, for a general v € £! (1), we write v = v™ —v~ and note that v, v~ € £!(u). By the linearity
of the integral and the above verifications for non-negative integrable functions, we have

fvdV:[U+d1/—fv_d1/:/|u|v+du—f|u|v_du:f|u|(v+—v_)du:f|u|vdu.

(2) Consider the measure space ((0, 1),B((0,1)), )\), where B((0,1)) is the Borel o-algebra restricted

to the interval (0,1) and A is the restriction of Lebesgue measure to (0,1). Let u € £2()\) be
non-negative and monotonically increasing.

(a) Prove that for any x € (0,1), inf u(z") = inf wu(y). (0.5 pt)
nx1 y€(0,1)
(b) Let w,(z) = x-u(2™), n > 1. Prove that w, € £L2()\) for all n > 1, and that lim |jw, (2)]2 =

: V3
yel(I(l)fl) u(y) - 3 (2 pts)

(c) Prove that lim o 2" ™u(x) dA(z) = 0. (1 pt)
n—>0o 071
1



Proof(a): Note that for any x € (0,1), the sequence (2" ),en decreases to 0, so that

oo

(0,1) = [J[2™, 2" 1).

n=1

Since u is monotonically increasing, we have

inf = inf inf = inf ).
jouf u(y) =inf o inf | u(y) = infu(e”)

Proof(b): The function  — z" is Borel measurable since it is continuous, and since u is Borel
measurable it follows that w,, is Borel measurable. Since w is monotonically increasing, then the
same holds for u%. Now for any x € (0,1) we have 2" < z < 1, hence 0 < w2 (x) < u*(x) for all z.
Since u? € L1()), it follows that w? € £1(\) for all n, i.e . w,, € £L2(\) for all n. For any z € (0,1)
we have

2
: 200N = Viom 2.0 2(my = 2 e 20 ny _ 2 -

By Lebesgue Dominated Convergence Theorem, the fact that the function f(z) = 2 is Riemann-
integrable on the interval [0,1] and Theorem 11.2(ii), we have

lim o w?(z) d\(z) = /(-0 lim w?(z) d\(x)

n—o0 ( ’1)n~>oo
—( inf 2] 2 4 (z)
B (ye%,l)u(y)) G
2

- ( inf [ a?da
(yJ(%,l) u(w)) oy A

. 2 v
=(y€1(r(1)7f1)u(y)) (R).[o x° dz

1, 2
"3 (yel(%l,cl)u(y)) '

Thus,

| | i V3
tin [l = Jim (@) an@) = ind u(w)- 5

n n—oo ,

Proof(c): First note that since A((0,1)) =1 and [jul|2 < co. By Holder’s inequality,

[ ldx= [ e 1jda < el =l < co.

Thus u € £'(\). For each z € (0,1) and for every n > 1, we have 0 < 2"/ ™u(z) < eu(z). Set
v (z) = e ™u(z). Since eu € LY(N), then v, € £'()\) for all n. Furthermore, lim v,(z) =

lim z"e*™u(z) = 0 for all z € (0,1) (note the u(x) < 00). By Lebesgue Dominated Convergence

n—oo

Theorem
lim z"e™Mu(z) dA(z) = /( ) lim z"e™/"u(x) dA(z) = 0.
0,1) n—>oo

n—eo J(0,1)

1
2p+1

Let (X, A, 1) be a measure space and 1 < p < oo. Suppose (uy )nen € LP(p) with [Juy,||, <

for n > 1. Prove that ‘ i (%)p| < oo pa.e. (2 pts)
n=1



3

Proof: By Corollary 11.6, it is enough to show that Y (%)p € £ (1), equivalently ‘ > (%)p| €
n=1 n=1

L'(1). By Corollary 9.9 and the fact that 1 < p < oo we have
< |un| p _ = |un|p

fnzl(T) d)\—Zf—p d

=1

(2p+1) 2. np

n=1

< o0,

implying that Z (| 7:|) e L*(p). Since

5 ()] 5 (L)

n=1

n
it follows that | i (%)p| € £'(p) and therefore ‘ i ( ) ‘ < oo a.e.
n=1 foyuc

Consider the product space ([1,2] x [0,00),B([1,2]) ® B([0,00)), A x )\), where A is Lebesgue

measure restricted to the appropriate space. Consider the fuction f : [1,2] x [0,00) — [0, c0)
defined by f(x,t) = e "0 00 ().

(a) Prove that fe LY(Ax \). (2 pts)
(b) Prove that [, .,(e™" - e““)%d)\(t) =1n(2). (1 pt)

Proof (a) Since both the functions (z,t) - 2" and (x,t) — I(g,c0)(t) are measurable, it
follows that f € M*(B([1,2])) ® B([0,00)). For each fixed = € [1,2], the function ¢t - e ** is
positive measurable and the improper Riemann integrable on [0, 00) exists, so that

f £, 0)dA(t) = f N f e 27N (t) = (R) f ety o L
[0,00) (0,00) [0,00) 0 2x

1
The second equality follows from the fact that A({0}) = 0. Furthermore, the function x — o is

x
measurable and Riemann integrable on [1,2], thus

_ 1 _ 1, W@
fm] f[om)f(x,t)d)\(t)d)\(x)—f[l,z]%d)\(a:)—(R) =T
In(2)

.

Thus, by Fubini’s Theorem f € £'(Ax A) and f[ oy TN =
1,2]x[0,00

Proof (b) Note that by part (a), we see that

— -2zt _ ln(2)
f[l,z]x[o,w)f(axt)d(kxA)(w,t)— e 2 (A x \)(z,t) = 5

[1,2]x(0,00)
By Toneli’s Theorem (or Fubini) this implies that

fm] oy TN = [Ow)fm 2 () dA(E) /12 [Ow) 2 (1) dA(z) = 2.

However,

Jooo Jum® 0@ = o (00 f et r 0= [ =) g

3

1
Therefore, f( (€ =) 2N (1) = In(2)
0,00



