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Measure and Integration: Solutions Practice Final Exam 2020-21

Consider the measure space [1,00),8([1,00]),\) where B([1, 00]) is the Borel o-algebra and X is
the Lebesgue measure restricted to [1,00). Show that

lim %;/n) AN(x) = 1.
n—oo [1700) €T
(Hint: liII(IJ sin(z)/x =1)
nsin(z/n)

Proof: Let u,(x) = , then wu,, is continuous on [1,00) and hence is measurable. Note

3

1
that |sin(y)| < y for all y > 0, hence u,(x) < 1/2%. Furthermore, lim u,(z) = —. Since
n—>00 x

1
the function — is positive, measurable and the improper Riemann integral on [1,00) exists, it
x
follows it is Lebesgue integrable on [1,00). By Lebesgue Dominated Convergence Theorem we
have
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Let (X, A, 1) be a measure space, and p,q € (1,00) and r > 1 be such that 1/r = 1/p+ 1/q. Show
that if f € LP(p) and g € L9(p), then fge L7 () and [|fgll: < I fllp llgll4-

Proof: Let p' = p/r and ¢’ = ¢/r, since 1/r =1/p+1/q we have 1 =1/p" +1/q’. Suppose f € LP(u)
and g€ L9(p), and set F = f7 and G = ¢g". Then,

JIFF du= [ 1517 dy < oo,
/IGIq’du=f|glqdu<0<>-

Hence, F € £ (1), and G € £ (). By Holder’s inequality we have (fg)" = FG € £' (1), which
implies fge L7 (u), and

f |fgl" du
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Hence,

([ 5ol amy < ([ 157am)"( [ 1ol am) "

equivalently, |fgll- < I flxlgllq-
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Consider the function u : (1,2) x R — R given by u(t,z) = e'*" cosz. Let A denotes Lebesgue
measure on R, show that the function F' : (1,2) - R given by F(t) = fe—ta:2 coszdA(z) is
R

differentiable.
Proof: We apply Theorem 12.5 (11.5 in edition 1). First for any fixed ¢ € (1,2), we have

|e‘t12 cos x| < et e 2 e LN
since /_: e 12 4y = \/om implying fRe_mz dX\(x) < [Re_‘”2/2 d\(z) = V2r. Now for any fixed
* cosz is differentiable with 8—1:(75,33) = —glet®

r € R, the function t — u(t,z) = e™* * cos . Using

the second and third term of the Taylor series expansion of et one gets et > tx? + 224 /2, and
hemce

du s 2 11 2 1 2
—(t,z)| <z%e™® <~ Z
|8t( I ; .

< < .
1+ta?/2 1+tx? = 1+22

2 2
It is easy to check that f ——=dx = 27, so f d\(x) = 27 implying that the func-
o 1+ 22 —oo 1+ 22

€ £'(\). Thus by Theorem 12.5 (11.5 in edition 1), the function F(t) =

tion w(x) = 52
x

f et cosz dA(x) is differentiable, and
R
F
%(t) - fR %(6%2 cosz)A\(x) = fR—xQ(JtzZ) cos z dA(z).

Consider the measure space (R,B(R), ), where B(R) is the Borel o-algebra, and A Lebesgue
measure. Let k,g € £()\) and define F: R? > R, and h: R - R by

F(a,y) = k(x -y)g(y)-
(a) Show that F' is measurable.
(b) Show that F'e L'(Ax ), and

/H;XR F(z,y)d(Ax M) (z,y) = ([R k(:z:)d)\(:c)) (fR g(y)d)\(y)).

Proof(a): To show measurablity of F, we first extend the domain of g to R? as follows. Define
7:R? > R by g(z,y) = goma(z,y) = g(y). It is easy to see that g is B(R?)/B(R) measurable.
Moreover, the function d : R? - R given by d(z,y) =  —y is continuous hence B(R?)/B(R)
measurable. Since

F(z,y) = k(z -y)g(y) = kod(z,y)g(z,y)
is the product of two B(R?)/B(R) measurable functions, it follows that F' is B(R?)/B(R) mea-
surable.

Proof(b): Since Lebesgue measure is translation invariant, we have

[ [FF@pia@anw = [ [ 1kl di@ae)
[ [ E@lg@lar@an w)
[ k@)dA@) [ lo@)lin ) < .

By Fubini’s Theorem, this implies that F' is A x X\ integrable, and

[ Fapdox D@y = [ [ k@-y)a)da@) drw)
[ [ k@) dx@an )
[ K@y ar@) [ gwan ).

Consider the measure space (R, B(R),\), where B(R)) is the Borel o-algebra and )\ is Lebesgue
1
measure. Let f € £'()\) and define for h > 0, the function f,(x) = 7 f[ . F(@&)dA(2).
z,2+h



(a) Show that f; is Borel measurable for all h > 0.
(b) Show that f, € £1(A) and || fll <||f]l1-

Proof (a): For h > 0, define uy(t,z) = %1[I,z+h](t)f(t), then wuy is B(R) ® B(R) measurable.
Applying Tonelli’s Theorem (Theorem 13.8(ii) ) to the positive and negative parts of the function
up, we have that the functions

- f wt(tx) dA(E) = fi(z), and x> f w8 x) dA() = fi (2)
are B(R) measurable. Hence, f5 is Borel measurable for all h > 0.
Proof(b): Note that
[ [ 3t @U@ @ = [ [ i@l Olaa@ i = [ 101 < oo.
Hence, by Fubini’s Theorem f;, € £1()\) and

1@l = [ [ 3T @U@l @ = [ 1@ = 171h-

(6) Let (X, A, ) be a measure space, and p € [1,00). Let f, f,, € LP(p) satisfy lim ||f, — f||, = 0,
and g, g, € M(A) satisfy lim g, = g p a.e. Assume that |g,| < M, where M > 0 is a real number.
Show that lim ||f,gn — f9|lp = 0.

Proof: We have
\frngn = 9l = |fagn = gnf + gnf = fal <|gnllfn = fI+fl1gn = gl.

Hence,
2(Ignl? |fo = 117 + 1179 - oI7)

22 (1M1 f = £+ £ lgn — gI?)-

|fngn - fg|p
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This gives
[ Vugn= tolf du<2m? [ 1fa= 17 dus2 [ 1Pllgn - gl dp.
Since, lim [|f,, — f||p = 0 we have lim 2P M? f |fr. = fIP dp = 0. For the second term, we observe

that Hm [f|Plgn, — g’ = 0 p a.e. and |f|P|gn — g|P < |fIP(2M)P € L£L'(u). Hence, by Lebesgue

Dominated Convergence Theorem,
lim 2" / |f1P1gn — gl dp = 27 / lim |£[|gn — g[” du = 0.

The above imply that lim ||fn,gn — fgll, = 0.



