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Let X}, X, -+ be a sequence of independent identically distributed random variables on a prob-

ability space (Q, F,P) satisfying E(X,) = 0 and E(X2) = 1, n = 1,2,---. Consider the filtra-

tion F(0} € F(1) C - with F(0) = {0,Q} and F(n) = o(X},---,Xn), n = 1,2,---. For
n

n=1,2--, let S, ZA and M, = 52 — n. Set Alp = 0.

{a) Prove that the stochastlc process {Al, :n=0,1,--} is adapted to the filtration {F, :n =
0,1,---}. (0.5 pts}

(b) Prove that {M, : n = 0,1,-.-} is a martingale with respect to the filtration {F, : n =
0,1,--+}. (3 pts)

(¢) Determine the value of E[AL;] for n =0,1,---. (0.5 pt)

In Homework 1, you have seen that if {2, F,[P) is a probability space, {B, -+ ,B,} a finite
partition of Q with B; € Ffori=1,2,--- ,n and G = a(By,--- , Bs) the g-algebra generated
by the partition {Bj,---, Ba}, then for any random variable X defined on {2, F,P} one has

E[X|G] = Z BB IB E[lg, X}.
i=1

Use this formula to show that if X = Zzgl{xﬂ.} and ¥ = Zyl][{}’=u.} are discrete random

variables on (Q, F, P} with values x,,- T_--.t:z,, and y1,"+* ,¥m ré;lectively, then
E[X|Y] = E[X|a(Y)] = Zn{y_y,, Z:r, =x|Y =],
i=1
where l
PX =zi|Y =y;) = P(XPT:":;; w)  BUX :(?;,}2;:,}): 7108
(2 pts)

Let (i¥(t) : ¢ = 0) be a Brownian motion, and let {F; : ¢ > 0} be its natural filtration, i.e. F({) =
o{1V(s) : s < t). Consider the stochastic process (X (t) : t > 0) defined by X(t) = exc(t+¥(t)
with ¢ # 0, and e(f} a (measurable) function satisfying ¢(0) = , with a # 0 some given real
number. Suppose we are told that the process (X(t) : t 2 0) is a martingale with respect to the
filtration {F, : t = 0}.

{a) Determine an explicit expression for ¢(£). {2 pt)

(b} Determine an expression for P(X{t) > e*®), for £ > 0. (2 pt)



