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1. Consider ([0,1), B, \), where B is the Lebesgue o-algebra, and A is Lebesgue mea-
sure. Let 3 > 1 be a real number satisfying 8% = 3% + 3 + 1, and consider the
B-transformation Tj : [0,1) — [0, 1) given by Tsx = Sz (mod 1). Define a measure

v on B by
v(A) = /A h(z) dx,
where
1 1, 1 :
W) = § b (143) if 2 € [1/6,1/5+1/62)
.1 if v €[1/68+1/3%1),

(a) Show that T is measure preserving with respect to v.
(b) Let

1 11 1 11 11 1
X =([0,-)x0,1) ) x| |5, =+ = ><0,—+—)><(—+—,1><0,—).
([ ﬁ) | >) ([ﬁ B 52) | B 52) [ﬁ 32 ) ﬁ)
Let C be the restriction of the two dimensional Lebesgue o-algebra on X, and

i the normalized (two dimensional) Lebesgue measure on X. Define on X the
transformation 73 as follows :

Teg) o= (T (12 +9)) for (ng) € X

(i) Show that 73 is measurable and measure preserving with respect to p.
Prove also that 73 is one-to-one and onto u a.e.
(ii) Show that 73 is the natural extension of Tj.

2. Consider ([0,1),58,\), where B is the Lebesgue o-algebra, and A is Lebesgue mea-
sure. Let T':[0,1) — [0,1) be defined by

) 1 1
nn+1x—n ifzxe [—,—)
n+1ln

0 it x =0.
Define a; : [0,1) — [2, 00| by

Ty =

n+1'n
00 ifz=0.

) 1 1
n+1 ifzxe ,n>1
a; = ay(x) =

For n > 1, let a, = a,(z) = a1 (T" ).
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(a) Show that T is measure preserving with respect to Lebesgue measure .

(b) Show that for A a.e. x there exists a sequence aj,as,--- of positive integers
such that a; > 2 for all ¢ > 1, and

1 1 1
T= bt +oe
a;  aj(a; —1)ay aj(ay — 1) ap_q1(ag_1 — 1)ag

(c) Consider the dynamical system (X, F,u,S), where X = {2,3,---}N, F the
o-algebra generated by the cylinder sets, S the left shift on X, and u the

Show that ([0,1),B,\,T)

product measure with pu({z : x; = j}) = -1
JU =
and (X, F, u, S) are isomorphic.

3. Use the Shannon-McMillan-Breiman Theorem (and the Ergodic Theorem if neces-
sary) in order to show that

1 D
(a) h,(T) =log B3, where § = +2\/_, T the B-transformation defined on ([0, 1), B)

by Tz = Bz mod 1, and y the T-invariant measure given by p(B) = [, g(x)d,

where
35 0 <z <1/8
9@ =Y s eyt
10 = .
(b) hu(T) = =770, > mipijlogpij, where T'is the ergodic Markov shift on

the space ({1,2,---,m}% F,u), with F is the o-algebra generated by the
cylinder sets and p is the Markov measure with stationary distribution 7 =
(m1,mg, - -, my) and transition probabilities (p;; 14,5 =1,---,m).

4. Let X be a compact metric space, and B the Borel o-algebra on X. Let T': X — X
be a continuous transformation. Let N > 1 and x € X.

N-1
1
(a) Show that TNz = z if and only if N Z dri, € M(X,T). (6, is the Dirac
=0
measure concentrated at the point y.)

(b) Suppose X ={1,2,---, N} and TP = i+1 (mod (N)). Show that 7" is uniquely
ergodic. Determine the unique ergodic measure.

5. Let (X,F,u) be a probability space and 7' : X — X a measure preserving trans-
formation. Let k > 0.
(a) Show that for any finite partition a of X one has hu(\/i‘:ol o, T*) = kh,(a, T).
(b) Prove that kh,(T) < h,(T*).
(c) Prove that h, (o, T%) < kh,(a,T).
)

(d) Prove that h,(T*) = kh,(T).



