Exam EQP Part 4 - 13 January 2017

1 Diffusion of light in a scattering medium.

The transport of waves inside a multiple scattering medium can often be
described by a random walk. The typical length scale is given by the trans-
port mean free path €, which is the length scale over which the wave loses all
information on its original direction. The random walk results in a diffusion
process with diffusion constant D = %CE, where ¢ is the wave velocity.

1.1a (2 points) A cloud consists of fincly dispersed water droplets, cach of
which has a scattering cross section of ¢ = 100 um®. The density of
droplets in the cloud is n = 100 em™3. Calculate the mean free path
and the diffusion constant for light propagating inside the cloud.

1.1b (4 points) Calculate the average diffusion time of light that is multi-
ple scattered through this cloud, which has a thickness of 500 meters.
Compare this time to the ballistic travel time, i.c. the time it takes a
coherent beam of light to pass through the cloud without any scatter-
ing. An interesting possibility of communicating / imaging through
clouds could be time-gating of optical signals. Discuss what kind of
cxperiment you could do to set this up. Discuss the main limitations
of this method.

1.1c {4 points} You arc travelling with a colleague in an airplane above
the cloud and notice that around the shadow of the plane on the
cloud there is a bright halo of increased intensity (see Figure 1 at the
cnd of this exam form). Your colleaguc suggests that this could be
a coherent backscattering {cbs) cffect from the cloud. Explain using
your knowledge of the physics of cbs whether or not this halo can be
caused by colicrent backscattering from the cloud.

1.1d {4 points) It has been observed that the moon shows a rapid increasc
in brightness ncar opposition (carth positioned exactly between the
sun and the moon). Figure 2 shows experimental data (Figure 8 from
Kaydash et al.) of the lunar reflectivity. Discuss whether coherent
backscattering could play a role in this case, and what would be the
rangc and magnitude of this contribution. The lunar soil consists of a
finc dust of about 10 pm particle size. Use the data provided in Figure
3 by Hapke ct al, Science 1993, on refiectance measurements of Apollo
lunar soil samples.

blbunal ol
45% r/a (\»,,f,,ﬂ



l.1c

2

21

{3 points) An important challenge in medicine is the need for capa-
bilities to sce inside the human body using noninvasive mecthods. A
rescarch tcam at Northwestern University in the USA have developed
a technique for medical diagnostics of discases relying on coherent
backscattering of light. Their method relics on measuring the coherent
backscattering cone while scanning a broadband illumination source
over the body. Given an experimental angular resolution of 0.017, cal-
culate the typical depth range they can measure inside the body using
this technique.

Coherent backscattering of light

Coherent backscattering of light in the time domain:
general argument

In this question you will discuss the coherent backscattering effect and its
dependence on the scattering angle and on time.

A plane wavce is incident onto the medium with wavevector ky, entering
the medium at position (rq,¢y). Following diffusive transport, it exits in
rcflection at {ra, to) with wavevector ka.

2.1a

2.1b

2.1c

2.1d

{2 points} Draw the corresponding scattering diagram for the diffusc
far-ficld intensity (two-ficld propagator).

(2 points) Draw the corresponding scattering diagram responsible for
colicrent backscattering contribution to the intensity.

{4 points) Write down a general expression for the far-ficld backscat-
tering intensity, denoted as «, of both the diffuse (ag) and coherent
backscattering (o) components in terms of an integral over the source,
propagator and outgoing Green’s functions. Assume that the propaga-
tor P(p,,z1, z2,t} only depends on the relative transverse coordinate
pL=prLz—pryand t =ty —t;. Show that, compared to the dif-
fuse intensity, the coherent backscattering gains an cxtra phasc factor
which cancels to zero in the cxact backscattering direction (kg = —k4).

{4 points) In the following, we approximate the extra phase factor
by its transverse componcnt, which is the part depending on &, and
P, - This amounts to ignoring the dependence of the phase term in z.
Show that the propagation equation, which is a convolution integral in
rcal space, becomes a product in momentum space for the transverse
component.



2.2 Coherent backscattering of light in the time domain: cal-
culation

Given that the propagation is the direct product in momentum space, it
is convenient to write the time-dependent propagator for the diffusc inten-
sity (diffuson) as the Fourier-transform to the transverse coordinate. The
resulting expression for Pk, , 21, 20, t) is given by
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with z_ = z) — 20 and z, = 2) + 220 + 223. Here zp is the extrapolation

length, taking into account that the flux at the surface is nonzero due to
leakage of light out of the medium,

2.2a (8 points) Show that the diffuse intensity oy is determined only by
the zero-momentum part of the propagator, P(k)y = 0, z;, 20, t}. Show
that a; = e~ P¥1tay where ky = ko sin(@} is the angle-dependent trans-
verse wavevector between incident and scattered waves.

2.2b (4 points) Show that, for large times ¢ compared to the mean frec time
Te = £/c, the z-dependence (terms in the brackets) forms only a small
correction of order (zy + £)%/4Dt. Hint: assume the penetration depth
of the light is of the order of one mean free path £.

2.2¢ (4 points) Estimate the time dependence of the diffuse intensity re-
flected from a semi-infinite slab and draw the time-dependent path
length distribution on a log scale.

2.2d (4§ points) Write ex. as a function of the backscattering angle 8. Sketch
qualitatively the time-dependence of the CBS intensity a.(f) for se-
lected angles including exactly zero, an angle in the flank of the cbs
cone, and a large angle {outside the cone).

2.2¢ (3 points} Sketch the shape of the coherent backscattering peak for
different times ¢ corresponding to 1, 2, 3, ctc mean free times. Qual-
itatively, describe how the far-field angular distribution relates to the
distance between first and last scatterer in the medium.

2.2f (8 points) In an article by Muskens et al., Phys. Rev. B 2011, the an-
gle dependence of frequency correlations in the speckle was mcasured
in the cbs cone. Use the known relationship between the time-responsc
and frequency corrclation to cstimate qualitatively how the frequency
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correlation width in the coherent backseattering cone depends on an-
gle.

2.2g (3 points) The total intensity is given by a time integral of the time-

2.2

dependent intensity, ic. acior = [ diag(t). In the small-angle ap-
proximation, k; = k|@|, show that the total coherent inteusity is given
by
oG
a{0) = f £=3/2e=tIm gy (2)
T

This expression allows to define an angle-dependent colerence time,
7{6), which defines the path lengths contributing to a certain angular
range. Define 7, in terms of 8 and the mean free path £.

(2 points) Explain how absorption can be take into account though 7.
Draw the shape of a coherent backscattering cone, for (1) a matcrial
without absorption and (2) a material with absorption. Assumc an
absorption length of several transport mean free paths.

{2 points) In an article published by Wiersma ct al., Phys. Rev. Lett.
(1996), coherent backscattering cones were reported in an amplifying
medium. Here, optical gain was provided by stimulated cmission of
radiation using a laser dye infiltrated into a suspension of white TiOs
paint. Assuming cxponential increcase of the intensity in presence of
gain, qualitative sketch and explain in words the shape of a cbs cone
for the casc of a gain length cqual to several transport mean free paths.

3 Intensity fluctuations

An important aspect of random multiple scattering of waves arc the fluc-
tuations in the observables such as intensity, For completely uncorrclated
disorder, all phascs of paths through the medium are different, resulting in
some universal statistics,

3.1a (2 points) Explain and draw the lowest-order scattering diagram con-

3.1b

tributing to the intensity in transmission through a multiple scattering
medium.

(8 points) We consider a total ficld (or wavefunction) E which is given
by the sum of a large number of pathways j, B = ZJ aj, with a¢; =
laj| exp(i¢;) the contribution of individual pathways. Show that the
average field (E) = 0. Show that the variance AT = (%) — (I)? of
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the intensity (or probability) J = EE*, is equal to the square of the
average intensity.

3.1c (4 points) By counting the combinations of lowest order scattering
diagrams, derive that (I} = n!{I)".

3.1d (4 points) In the presence of correlated paths, the assumption of the
lowest order scattering diagram is no longer valid. Describe and draw
the family of scattering diagrams that contributes to the n-th moment
of intensity for n =2 and n = 3.

3.1¢ (4 points} Show that these additional contributions give rise to larger
fluctuations in the intensity. The contribution of these extra corrcla-
tions is proportional to the crossing probability given by the inverse
of the conductance paramcter, 1/g. Deseribe the behavior of the in-
tensity distribution in the limit g =~ 1.

4 Anderson localization

During the course we have discussed a number of results and articles in which
cxperiments arc presented aimed at demonstrating localization of classical
and quantum waves.

d.1a (4 poinis) Give an overview of the types of experiments that are done
to identify Anderson localization.

4.1b (4 points) Select two of your favoritc experimental methods and de-
scribe into more detail what is measured, how it is measured, and how
data is interpreted.

4.1c (4 points) Critically discuss some of the most important pitfalls in the
scarch for localization cffects.

4.1d (4 points) Discuss the Ioffe Regel criterium &€ ~ 1 and the Thouless
critcrium g = 1 as indicators for localization. Describe the cssentials
of scaling theory.
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Figure 1: Opposition effcct of an airplanc on a cloud.
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Figure 8. Phase functions for sclected spectral bands.
Each curve is normalized on its own value at =10,
Dots show phase curves derived from M? data subjected
to the cross-track correction [Besse et al., 2013], solid
curves present phase curves derived from noncorrected
M?* data.

Figure 2: from Kaydash et al., "Lunar opposition cffect as inferred from
Chandrayaan-1 M3 data”, J. Geoph. Res. 2013. Figure 8 : radiancc factor of
lunar reflectance close to opposition angle. Phase angle in astronomy means
the angle between the sun, the moon and the carth, zero angle indicating
cxact opposition {carth between moon and sun).



Table 1. Lunar samples and theiwr normal

albedo
Normal albedo
Sampia
numbet Blue (A = Red (A =
442 nm) 633 nm)
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Fig. 1. Biduectional reflsctances of the lunar Phass angle g{degrees)
samples as a function of phase angle g in (A} Flg. 3, Circular polarization ratio pe versus
blua light and (B) red light, normalized ta their  oha00 sl gin (A) biue light and (B) red light

normal albedos, which are brighinesses rala- ok o i iy
tive to & halon standard at an Incidence angle The helicity of the incident imadiance is left-

of 5% viewing angle of 107, and phass angleof  anded {21}
5" (Tabla 1)

Figure 3: From Hapke ct al., Science 1993. Table 1: albedo (reflective effi-
cicncy) of different Apollo samples of lunar seil. Fig. 1: Far-ficld scattcring
intensity versus detection angle. Fig. 3: Far-ficld intensity polarization ra-
tio, i.c. parallel polarization normalized to the cross-polarization intensity.
Parallel means that incident and detected polarizations are the same, crossed
means that the polarizations are perpendicular. Circular polarizations were
used.



