Final Exam for Advanced Statistical Physics: NS-370B

This exam consists of 5 questions. Total points possible: 75.

This is a closed-book exam, i.e. notes and electronic devices are not allowed.

Please start every exercise on a new sheet of paper, with your name clearly written on every
page.

Exam can be written in either English or Dutch. Please write clearly!

A few formulas and information that may or may not be useful in this exam:

¢ The canonical partition function of a classical thermodynamic system of N identical
particles in a volume V' & temperature T with Hamiltonian H (') is written as
ZINV,TY = /(N3N [ dl expl~BH(D')}, where 371 = kgT".

¢ The grand partition function of identical particles is
E(p, VT = 3 Nooexp(BuN)Z{N,V,T), and the grand-canonical distribution is
Fo(T N = exp[BpuN — BH(T)|/INWRINE(, V, 1], with j the chemical potential.

o kg =113 < 107J/K, e = 1.6 » 107%C, and R = 8.311/K/mol.

o The binomial coefficient {i.e. m choose n, which is the number of ways n objects can
be chosen from m objects) is given by (»(;;1—};%)71;)

o Stirling’s approximation to order O{N} is given by log{N1) = Nlog N -~ N,

¢ Gaussian Integral: f_a; dr e = NE

¢ The Taylor series of f(x) around z = a is given by f{x) = fla)+ -fw-lgfﬂl(L - a}w{wfmg-(!—“i(:r:u
a)? + i_%li(;ﬁ —a) 4

I

» From the Taylor series we get: % = 3 %=



(15 points) Consider a system consisting of a gas with N particles in a volume V' at
temperature T (note that the system is not on a lattice). Assume that the particles
do not interact with each other.

(a) What is the canonical partition function for the system?

(b} What is the Helimholtz free energy?

Now assume that each particle has a spin, which can rotate freely in three dimensions.
Moreaver, assume that the gas of particles is located in an external electric field B =
7. The particles interact with the field via their spin, such that for each particle, the
polential energy is given by:

U = ccost);, {0

where #; is the angle between the spin of the particle and the z-axis. Note that the
particles still do not interact with each other.

{c) What is the partition function for this system?

{d) What is the corresponding Helmholtz free energy?

{e) What is the average alignment {cos®) as a function of e.
{f) Is there a phase transition in this system? Explain.

AN

15 points} Consider a systemn of N argon atoms in a volame V' at temperature 7. The
! =)
interaction potential for this system is well deseribed by the Lennard Jones potential.

(a) Write down an expression for the Lennard Jones potentinl. Make sure to clearly
indieate what all the variables represent, and give a motivation for all terms.

(b) Sketch the Lennard Jones potential. Make sure to clearly label the axes and any
other important leatures.

{) Sketch the phase diagram [or the Lennard Jones systems in the density (p) versus
temperature {1} representation. Sketch the phase diagram in the temperature (1)
versus pressure {p) representation. Make sure to clearly label the axes and all
special points on the phase diagram. Clearly identify the phases and coexistence
regions.

Consider a different system which consists of N spherical colloids of diameter ¢ in a
volume V al temperature . A simple mode] thatl describes the behaviour of colloidal
systems is the hard sphere potential.

{d} Does the hard sphere potential undergo a gas-liquid phase transition? Explain
why or why not?

Now, assume that polymers at chemical potential p, have been added to the colloidal
system. Assume that the polymer diameteor is given by oy,

(e} Sketch the “eflective” interaction between the colloidal particles arising due to the
polymers. Make sure to clearly label the axes and any other important features.

{15 points)

{a) Consider nucleation of a liguid (with density p) from a gas. 1) First, using clas-
sical nucleation theory, write down an expression for the free energy barrier lor
a spherical nucleus in terms of the chemical potential difference between the lig-
uid and the gas Ap and the gas-liquid surface tension ;. i) Next, write down



an expression for a nucleation barrier for a hemisphericat (half a sphere) droplet
where the rounded part of the hemisphere is in contact with the gas (i.e. has a
surface tension vy while the Hat part is in contact with a wall and has a surface
tension 7). The surface tension between the gas and the wall is vy,

In this problem we examine percolation on a triangular lattice. Let p be the
probability that a site is occupied. i) What are the four spanning configurations
for the smallest possible cell on a triangular lattice? (They should span both
left-right and up-down). ii) Write down the recursion relation p’ = R(p). iii)
Find any non-trivial fixed points. Explain what the presence of a non-trivial fixed
point means,

4. {10 points)

(a)

Consider a system of N particles in a volume V at temperature T'. Assume that
the interaction between the particles is well described by a square well with well
depth . Note that the square well potential can simply be written as a pertur-
bation on top of a hard sphere potential. We define an auxiliary Hamiltonian for

this system as
N
Hy(v) =) % + ®g (£V) + Ady (1Y) (2)

where g is the contribution from the hard-sphere potential, and ®; the contri-
bution to the potential from the pair-wise interaction given by

t] <o
di(r) = ~e o<r<ye (3}
G T g

where v 15 a measure lor the range of the attractive well and must be greater than
1. Show that the free energy of the square well system can be written

1
FINV,T) = Fyg(N,V, T + f dA {®y)y (4)
G

where Fys is the free energy of the hard sphere system, and {4}, denotes the
canonical ensemble average of A associated with the Hamiltonian Hy.

Consider a systemn consisting of N particles in a volume V¥V at temperature T
Assume that the Hamiltonian lor the system is given by

N 9 N
HL) =3 2ot S 6iny), ()
FES

2m Lo
1]

with i = |r; - r;| the radial distance between particle 7 and 7. Note that we
have assumed that the interactions are radially symmetric. Define the partition
function
ZIN.V,T) = Q(N,V, T)/NIA™,
with
N
QN V,T) = / de¥ el S 6(rig) KT
v e

{i) Show that fp = (GInQ/OV)x .



Figure 1: An A-particle {left) and a B-particle (right), with L = 3.

(it) It can be shown that the volume derivative gives rise to
T/, 1 ’ ()
Op = N/V - TV y dridrari29'{riz)p'~ (ry, ra),

where p'¥(r;,ra) is the pair distribution function. Show that in the case
where we have a homogeneous and isotropic system, this expression reduces
to

a]

Do p}'{B'I‘ - %](E[’T'Qﬁ’(r)g(r}s

where g(r) is the radial distribution function.

5. {20 points) In this problem, we consider a system of particles on a square lattice. Fach
particle covers L lattice sites, arranged in a line. There are two species of particles
A and B, oriented horizontally and vertically, respectively (see Figure). Note that
all A particles are identical and all B particles are identical. Whenever two particles
overlap, they have an interaction energy of € > 0. Particles that do not overlap have
an interaction energy of 0. Note that each particle can interact with multiple other
particles, even at the same lattice site. Assume there are N, particles of species A
and Np particles of species B, in a volume V at temperature 7T, so that the number
density of the two species are pg = Na/V and pgp = Ng/V. Additionally, assume
periodic boundary conditions.

{aj (i) Assuming that all particles are homogeneously spread over the system (i.e.
within a mean field approximation), argue that the average potential energy
of an 4 particle due to its interaction with olher A particles is given by

Usa = (2L~ D)pace

(ii) Assuming that the B particles are also homogeneously spread over the system
{i.e. within a mean feld approximation), argue that the average potential
energy of a B particle due to its interaction with other B particles is given
by

Usp = (2L — 1)pge



(b)

{iii) Within the mean field approximation, i.e. where we asswine that the particles
of both species are homogeneously spread over the systom, argue that the
average potential energy of an A particle due to its interaction with the B
particles is given by

. 3
Uap = Lpge

Using your results from parts (a), show that the energy of this system within the
mean field approximation is given by

(Napa + Nppp)
9

1 | . X
IJ e —O—Lgc {Napp + Nppy) + Le (Napa + Ngpp) ~ ¢ {(G)
Caleulate the Helmholtz free energy F(Na, N, V,T) associated with the mean
field theory outlined in aj. Make the substitution that x = N4/N to obtain the
free energy as a lunction of F{x, N, V,T). Show that this free energy is given by

AFxe NV, T )
W = In(p} -1+ {1 ~23n(l -~z +zlnz
+Ape (Li(l ~ )z + L (227 - 2r 4 i) -2+~ ;,.,) {7

where x = N, /N, and p = N/V with N = N4 + Np.

Assume now that the particles can freely change identity between species 4 and
B, at no additional free energy cost. Argue that in this case, in equilibsium

OF{x, N, V1)

dir

= 0. (8)

Show that x = 1/2 is always an extremum of the free enersy. What does the
system look lke when & = 1/27 Is this an ordered phase or a disordered phage?
Explain.

If we substitute m = x — 1/2 into the Helmholtz free energy, and expand around
m = 0 we obtain a Landau free energy
ar 4mt 390

m;{;m = O (wﬁpe - BL%pe + 28Lpe + 2) m? 4 ~5 + e

+ O (1717) {9

where (' is a constant, Using this Landau free energy, at what temperature does a
phase transition occur in this system? What type of phase transition is it {contin-
uous or discontinuous)? Explain. Describe what the “disordered” and “ordered”
phases look like in this system.
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