Algebraic Number Theory 20 January 2022, 10.00-13.00

Please write clearly and give full proofs of all your claims. This cram is open book, which means
yow are allowed to use the course material “Number Rings” written by P. Stevenhagen. In your
solutions, you may refer to numbered resulls and cramples contained in “Number Kings™. Calcu-
lators may be used. You are not permilted to use any other tools.

Problem 1. (10 points) Let Ok be the ring of integers of the quadratic field K = C(v/-21).
Compute the unit group Op. and the class group Cl(Oy ).

Problem 2. For a number field K. let O} denote the unit group of its ring of integers.
e (5 points) Determine all number fields K which have the property
Op ~ Z/8ZxZ.
* (5 points) Does there exist a number field K which has the property
Op ~ ZMZxZxZ?

Problem 3. (10 points) Find all integer solutions z,y € Z to the equation

y2 =711,

Problem 4. Let k> 1 be an integer, and set K = Q(v/1 = 4k). Assmmn & \"Lf'i! S 5MR&&L
(a) Assume that [CI(K)| = 1.
e (4 points) Prove that il p < k is prime, then p is inert in K/ Q,
e (4 points) Prove that the polynomial
f=2t+z+k € Za)

has the property that f(n) is a prime number, for all n € {0,1.... k - 2}.

(b) (2 points) Show that we have |[CI(K)| = 1 when k = 41.
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