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e Use i separate sheet for every exerrise.

o Wirite your natue on each sheet, on the fiest sheet also your stadent [D.
o Write clearly, nnrcadable work cannot e corrected.

o Give the motivation. explananon and caloulations,

e Do not spend o large atnonnt of tine on finding (staoll} calenlation errors, I yon
suspect yon ave made sich an etror, point it out in words,

s Noexercise reguires a long cabeulation

o All the gquestions are proceded by bollet points!!!

(=

The xxz-chain (27 points)

The Hatultoninm of the xxz-chain reads

= -1 (oo, +alaly, + Acial,) ~ K Y a (H

where & = (o, g% o'} with o7 a¥, md 0* being the Dauli matriees s ¢ denotes the
spatial position of the spin.

& In the limit A Land k= 0 (for the moment we consider a d dimensional
version of the anodel with nearest neighbor interaction} this maodel is called the
Heiseuberg model il it s o continuons spin syuuetry. Explain in maximally
three sentenees what the Mermin-Wagner theorem states abont the possibility
of symmetry breaknyg smnd comment specilically on tlee role of temperatnre aid
diensionnhty, {2 poiuts) ==

We are going ek 1o the one dimensional model, now, I the Hit A 2= 1 (vorr might
s A = ) nquk b=, the iadel i B, (1) 18 the classioal Ising model,

o What is/are the grond state/s in that situation and conanent on the degeneracy
(2 paims)?  Does this model lave o plase trasition at finite temperature (1
it ]! o L,.'"

o Upon switelnng on i trnsversae beld, e A (fre, LT with Bro # 0, one oltains
a trnsverse fickd or quantum Ising model. This madel s o guantum phase
teansition at zero tempesnture, Sketely its phase dingron and chamcterize the
Pinses through s approprinte ovder parmcter or atermatively the helavior of a
currelation fonction {1 points). o/ o /
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The xx-chain (A = 0] with &t = (0.0, 54)7 belongs to the class of problens thst ean be
solved exactly vin Jordan-Wigner transforation. The teansforimation is given by of =

e (1 - '.)l':.'_r) (f_ # 1) af wm il (I - 2('}:';) (r-. - ,:) mml @i = (l - 2‘.1'.)-

where the ¢; obey the standard anticotmntation telations, i, {o,. o1} = 4,
{ehedd ={r.} =0

o Show tlat the model con be rewritten in terms of ferdouic operntors as
I
Il m —‘.’Jz (r!c,,, ¥ ff,_t',) ‘ 'lfr..z (t,‘t', - 3) ) (2
{4 points) J

e {na ring geometry the nbove wmodel, Eq. (2], con be solved using Fourier teansfor-
mation. Becanse of the string of operators in the Jordan-Wigner trsformation, it
splits into two parity (momber of electron) sectors, even and odid. which translates
to pertadic and antiperiodic boundary conditions. Use Fonner transformntion to
determine the energy spectrun nned give the quantization codition on the women-
tun i the two cases of periodic and antiperiodic bonndary conditions, respectively
{4 puillt:-':. !f

Show that switching on A # O drives the system nway from nomodel of free fermions
Iy lending to i internction teet of the form =4JA Y, (( le, = l) (f':l T B %)

i
{1 point] ]

One can derive o low-energy held theory Tor the ahove prablem. In the following dis-
cission we will need toantraduee two sets ol ferunonie belids, o and 2 which denote
cft aned right movers, respectively. They obey the standard conmmtation relations for
fesmionic ficlds ind are noresnlt of zooming in on the vicinity of the ehemical potentinl
which we assune to be given by g = (1 The free action (A = 0} of the problem in
Euclidean spaee tune is givien by two o dimensional Dirae lermions with opposing
chiralitics and rewds

: e i)y + tirged, 0 vplr, T
e ./dr./.dﬂ”H'J"J'LL"J""( 0 il = topid, gpfr.T) J° 5

This ficll theory describes the physics of the low-cnergy ixed point of the xx chain

o Determine the sealing dimession of the Gelds gy, (i yon fail to do so yon miglt
contitne with assuming it is given by 8) (2 points). \/

We now go away from the xx fixed point by adding peooarbations

= far faratnaen (33) (7))

Ohy = nfr!.r‘jdrwn(.r.T)L'R(J‘.f)w,(:r.r)a.-,,,(.rar)

o

I

a4 it /.d.r[afn-"(r. T)!.J"(J',T)”f,t-',l_(.l'. oo, 1) ey

where o and 4 are directly proportional to A,
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o \What are the scaling dimensions of we, , and 57 {6 points) l/ 2. Fock-Darwin spectrum (16 points)
o Ape they relevant, iveelevamt, or marginal, respectively? (1 point) {if vou fail to X X . o i :
answer the preceding question give a general statetient ) Y A special setup in which one e stinly eHects ul"qu.nulum mw'iu.mlvs iniwo dnm'n.f-buma
are so-called Large tluls Wecan mmlvi thens by adding o parabolie confining potential of
{hint: ddo not get distracted by the matrix strucinre of the problem) the Torm Ve y) = —rrrw,, (r* + ¥*) to n two dimensional electron gas. Tle Hamiltonian
unider t‘mL‘iitll‘riIﬁ(lll reals

1
=t -mw" a0 (5}

C where g = (po. py) .»\clllm;, i waghetic Hiedd can be aceonnted for by introducing the
cunonical momentum, I = p+w| (jr = —rr!) We want to add a perpendienlar maguetic
fickl, B = (0.0, )7,

s Two of the most popular gange choiees are the Lawlan gange, Ay, = —(y,0,0)7
{or A5 = B0, M7}, aml the synmetric gauge, Ay = —"—;(y. —r. ) Give an
argmnent why in our setup we should nse the symmetric gange for technical reasons
(2 points) ~

Fu the Tollowing we nse an algebeaic approach bused on raising and Jowering operators
eombined with a Bogolinbov transformation to solve the problem. In the following yon
ean use the evelotron fregquency w. = '” for n anore cottret hotaion

w ;
e Show that one can write the Hamiltowan i the fonn £1 ::.:' + ol +

)+ Frpy — ype) aod determive w, gy (4 points). Furtheniore, show that Hy, =

i + ,mw,”(.r + %) comnmtes witl Hy = S (rpy — ppe) (cemiseler: [, ] =6

2

it is enongh to show it for one direction, Tor instance o, explicitly) (2 points}

We ean introduee raising and lowering operators which solve £, m't-unling to

L, A | mo,
‘/T'”(.r-f-: p,) al = ‘f ”( ,) ,
s LIRS mw. ”

ey =

", o1 mw, .

, = ‘f—” y+i m) b= —i 5 {G)
2 Mgy ", ”

They satisfy the canonival commntation relations [u,,ul,[ = [y, al) =1 aml [a;, 0} =
[ery, at] = 0. This allows to introduee mamber states |re, ng} where the operators act like
acuengd = Sl =1 ), ablng, ny) = Va F T+ 1 ngh, aylue, ny) = gl n,—
1), awl allng.n) = o+ e, ng + 1),

e Show that in terms of these opetators T, = u,.”(uiu, + uLu, + 1) and /) =
—i% {alay — uln). (2 points)

In order to solve the Hamiltonian we need to pecfonn o change of IJ.I‘;i‘\ acconding to
by = = (in, -+ ), W= Jp(—ind +al} by = J= (—ing +a,), ol By = S (-f-m +u‘)
These n;wmturs u;,.un fulfil eanonieal cnmmutulluu rebations, f.e., |h,,hl| 1!:;,15] =
anel fby, b] = [bs, B}] = 0, meaning we ean .l;,nm introduce mnmber stutes acvording Iu
ly, 12} with yny,n2) = il = Loma), B lmy,na) = og F a4 1o ey, ng) =
iz, iy — 1), nnd hg[u., ny) = g+ g, mg + 1) .

& Show that the fll Hamilonion £ s diagoual in these operators and give its
speetrim. (G points)
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