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BEFORE YOU S5TART
» Check if your version of the exam is complete.
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e Your mobile phone has to be switched off and be put in your coat or bag.
Your coat and bag should be on the ground.

¢ Tools allowed: None.. Other tools are not allowed.

PRACTICAL MATTERS

¢ The first 30 minutes you are not allowed to leave the room, not even to visit
the toilet.

¢ 15 minutes before the end, you will be warned that the time to hand in is
approaching.

e If applicable, fill out the evaluation form at the end of the exam.

e You are obliged to identify yourself at the request of the examiner (or his
representative) with a proof of your registration and a valid ID.

e During the examination it is not permitted to visit the toilet, unless the invi-
gilator gives permission to do so.

Good luck!
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Problem 1 (Limit distributions)

For the first half of this problem, let X,, ~ Bin{n,p;) and ¥;, ~ Bin(n,ps) (with
0 < py,p2<1and n > 1) and assume that X, and Y, are independent.

a. (10 points)
Find sequences (r,) and (g,) in R such that the sequence rn(X,/V¥n — ¢n)
converges in distribution to a normal distribution. What are the mean and
variance of the limiting normal distribution?

b. (5 points)
For given confidence level 0 < a < 1, determine an asymptotic confidence
interval for the fraction 8 = p; /pa.

For the second half of this problem, let X,..., X, form an iid. sample from a
distribution with density f(x) = 2z with z € [0, 1]. Denote X(,) = max;<i<n X;.

c. (10 points)
Show that Z,, = 2n{l — X{,)) converges in distribution to a standard expo-
nential distribution.

d. (5 points)
Determine sequences (a,) and (b,) in R such that a, (X, log X5y — bs)
converges in distribution to a (tight but non-degenerate) limit distribution,
Which limit distribution?

Problemn 2 (A transformed exponential distribution)

Let X, X5,... be iid. non-negative real-valued random wvariables with single-
observation distribution P,, and Lebesgue density p,, : R —+ [0,00) for some
pg = 0, with p,{(x} =0 for & < 0, and

PulT) = pzeHE,
for 2 > 0 and & > 0. A change of variables Z = X? leads to Z ~ Exp(u).

Hint: you may use the following integrals,

o0 —x?y 0 ~r¥y i = D)
[ .’E:c = dr = -\/’—F,fzae z? dr = _#W‘FC.‘[J&E 23 o e (I + 22" 4+ 2) +C,
o .

]

a. (5 points)
Find the maximum-likelihood estimator f,, for py based on the first n sample
points X,..., X5.
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b. (5 points)
Calculate the expectation £, X7 of the second moment for a single observa-
tion and show that fi, is a consistent estimator sequence for jp.

c. (5 points)
Calculate the Fisher information I, for a single observation X, show that
je =+ 1, is continuous and that I, > 0 for all ¢ > 0.

d. (5 points)
Show that, for any x > 0, the map g+ log p, () is Lipschitz in a neighbour-
hood of 9. In other words, prove that for some ¢ > 0 and any p, 2 > 0
such that |uy — po| < € and |uz — ol <,

|log pu, () — log by, ()] < &)t — pal,

for some measurable function ¢ : R — R such that £, {* < o0,
Hint: for any pi,ps 2 p > 0, we have |log uy — log pua| < ey — p2|/pe.

e. (5 points)
State a theorem from the lecture notes and use parts a—d. to prove that
VT(itn = po) is asymptotically normal under P,,. Give the variance of the
limit distribution.

The moment estimator for p is,

2

. T ( 1 )
=\,
where X, denotes the sample average.

f. {5 points)
Use the delta rule to find the limit distribution for /n{ji, — o). Calculate
the relative efficiency of j,, and fi,, and explain why you prefer ji,, or ji,.

Problem 3 (Variance stabilization}

Let Xy, Xz,... be iid non-negative real-valued random wvariables with single-
observation distribution Exp{\A) for some A > 0, with Lebesgue density p), : R —
[0, co) where py(z) =0 for = < 0 and py(z) = Ae ™ =,

a. (5 points)
Find the maximum likelihood estimator A, for A based on the first n sample
points X,...,.Xn.
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b. (5 points)
Use the delta rule to find a sequence a, and a constant b such that a, (A, —b)
converges in distribution to a tight but non-degenerate limit distribution. Also
give the limit law.

c. (5 points)
Perform a variance-stabilizing transformation for An and construct the associ-
ated asymptotic confidence intervals for confidence levels 1 —a, {0 < a < 1).



