Functional Programming — Final exam — Thursday 9/11/2017
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Before you begin:

¢ Do not forget to write down your name and student number above.

o If necessary, explain your answers in English.

o Use only the empty boxes under the questions to write your answer and explanations in.

o Atthe end of the exam, only hand in the filled-in exam paper. Use the blank paper provided with this

exam only as scratch paper (kladpapier).

o Answers will not only be judged for correctness, but also for clarity and conciseness.

In any of the answers below you may (but do not have to) use the following well-known Haskell functions
and operators, unless stated otherwise: id, (.), const, f1ip, head, tail, (++), concat, foldr (and its
variants), map, filter, sum, all, any, not, (&%), (|1), zip, reverse, and all the members of the type classes

Show, Eq, Ord, Enum, Num, Functor, Applicative, and Monad.

1. The function zip generates a list of pairs from a pair of lists. Note that if one list is shorter than the one,

the final elements of the longest are thrown away.

1
0
(x,y) : zip xs ys

zip [] -
zip _ 0
zip (x:xs) (y:ys)

We want to abstract this notion into a type class Zippable,

class Zippable f where
zip :: fa->fb->f (a, b)

(a) (8 points) Consider the following data type for binary trees,
data Tree a = Leaf | Node a (Tree a) (Tree a)

Write its Zippable instance. As in the case of lists, you might need to throw away information

from some subtrees to implement zip.

instance Zi P?ob(e Tree where
Zup Lecf _ = Leaf
zZp - Lleaf = |eonf

Z\p (Node x4 4 1) (Node x2 L2 2D
= Node (x4,x2) (zip U (2) (21p 14 r2)




(b) (7 points) Write the following generic function zipWith. This function applies a mapping over the
elements of two Zippable containers, whenever the containers are also Functors.

zipWith :: (Functor f, Zippable f) = (a -=>b ->c) >fa >fb->fc
Hint: use the function uncurry :: (a => b -> ¢) -> (a, b) -> c.

z\p\NH-h £ %s ys = -CmaP (uncwry £ (E\P XS ys)
--o0r
= uncurry £ <$> 2ipxs ys

(c) (5 points) There is another way to implement a zip function for a list, namely,
instance Zippable [] where
zip xs ys = [(x, y) | x <- xs, y <~ ys]
Does this definition coincide with one given at the beginning of the exercise? If not, give an exam-
ple in which each definition gives a different outcome.

No, the second def. does a Costesian Pmdud‘
C0un+eremmP\e= 2\p ('a'l (4,21

- 1 det: [, 0]

- 2nd ot - [Ca', 1), ('a!,2)]

2. Remember thatan operation (<>) :: m -> m -> mand anelemente :: mformacommutative monoid
over type m if the following laws are satisfied,

WM x<>@Fwoz)=Gxoy) <>z
(2) x> e=x

B) e<>x=x
(4)x<>y=y<>x

Given the following definitions for foldr, reverse, (.), and filter,

(a) foldr (<>) e []
(b) foldr (<>) e (x:xs)

e
x <> foldr (<>) e xs

(1

reverse xs ++ [x]

(c) reverse []
(d) reverse (x:xs)

(e) (£ . g) x=1£f (g x)

(f) filter p (] =[]
(g) filter p (x:xs) | p x = x : filter p xs
(h) | otherwise = filter p xs
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(a) (5 points) Using equational reasoning, prove that the following holds if (<>) and e form a com-
mutative monoid.

foldr (<>) e [x] = x

folde (k>) e  [x]
= (syntax)

Lolde («>) e (x:C1)
= (k)

X <> folde (¢5) e []
= (0)

X L? &

X

(b) (15points) Prove by induction that the following holds if (<>) and e form a commutative monoid,
foldr (<>) e = foldr (<>) e . reverse

You are allowed to use the following lemma in your proof:
foldr (<>) e (xs ++ ys) = (foldr (<>) e xs) <> (foldr (<>) e ys)
Clearly state the cases you consider, the induction hypothesis, and justify each equality.

By extensionality we need 4o prove
folde (¢>) e xs

By wduchon over Xs:
Case (7

folde («>) e (reverse Xxs)

foldr (¢<>) e (revesse L)
= (e

foldr (¢3) e C]

Case (x:xs)
IH : -Fotd( (<>)e XS

folde (¢5) e Crevesse xs)

folde (c3) e (x:x8) + fdde (5) @ (reverse (x:xs))
= (b) "= (d)
Lolde (<») e xs . foldr (k) e
=>(<,qf> e ' ( B2 revesse xS ++ [x])
folde («>) exs <>x | Z.0.Z
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v = (lemma wrth reverse xs, [x])

: £folde («>) e (reverse xs)
<> f£olde («») e [x]

= (p(ev. exescise)

( foldr (¢») e (revesse x2) <> x

= (R

foldr (c>) e xs <>y

(c) (10 points) Prove that the following holds for any predicatep :: a -> Bool,
length (filter p xs) + length (filter (mot . p) xs) = length xs
Use induction. State and prove here the [] case.

Case T[]

We need 4o prove
leng¥n (Ailler p = T1)¥ length (flkes (not. 2D T1)
= length t1]
we Kknow that fil+er £ [1=[1
lena-kh C]1=0

So +he equa\1+y con be rewntlen as O +0 =0

State the induction hypothesis and prove here the (x:xs) case. You need to distinguish two cases,
depending on whether the predicate p holds for the element x or not.

Case (x:xs)

IH : length CAlter p (x:xs)) + length (Alles (not. p) (x:xs))
= le_ng-\—h (x: x$)
= 1+ length x>

Tor Hhe left-hond Side we CllS‘H()sutsh o Cases:
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¥ (P o, hO/C,S > (na-(‘P) x cloes not ho/c/

length  (Aller p(x:x3)) + length (Rller (nok.pd (- xs))
— (def of leng-\—\n)

lenghh (x : filler P xs) + leng-l—h ( filler (not:p) xs)
4+ length (ilder P xS$) 4 (enal—h (hller (not. P) Xs)

\

* (F x ) does not hold & (hd-./)) x holds

‘6191—\'\ (£ ller P (x:xs)) + \eng-l»h (G\er (noJ-.P) (x:xS))
= (def o [engih)
lenai‘n (f1lder P xS) 4 length (x: £ilker (not. P) xs))

= lﬁlg“’h (A\ler P xs) + 1+ (Qns“'\ (6lbsr Cﬂd}“P) xs)

TIn both cases. we aﬁp/y [H and 3e1‘
1+ lenglrh xS
length (x:xsS)

-—
-—

3. Consider the following data type of simple arithmetic expressions,

data Expr = Literal Integer | Add Expr Expr | Mult Expr Expr

which comes with two operations to evaluate and optimize an expression,

eval ::
opt ::

Expr -> Integer
Expr -> Expr

(a) (6 points) Give definitions for the following QuickCheck properties:

e Adding zero to an expression evaluates to the same result.
e Multiplication is commutative.

addZero @ = eval e == eval (Add e (Lderal 0))
comm xy = eval (Mul+ x y) == eval (Mul+ y %)
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(b) (4 points) Write a QuickCheck property checkOptimizer which checks that the evaluation of an
expression e gives the same result after optimization.

checl(OP‘hm\%er e
= oval e == eval (opte)

(c) (5 points) Write the Arbitrary instance for Expr.
class Arbitrary a where
arbitrary :: Gen a
Hint: below you can find some of the primitives of QuickCheck random generation.
choose :: Random a => (a, a) -> Gen a
frequency :: [(Int, Gen a)] -> Gen a
elements :: [a] -> Gen a

instance Arbdyacy Expr where

arotany = do N < arbtary
el & orbivary
e2 « o«bn‘mry

elements [ Litesal n,
,Add el e2, Multed e2]

-~ other ophfion

orbiracy = —Frequ;ency

C (3 Litesal <37 osbitrasy)
, (A, Add < 3> asbibvacy <> atovhay)

(A, Mulk<$> acbrbory <> alb o))

(d) (5 points) In order to check that our optimizer works correctly, we want to write a property which
are only executed if the random expression given by QuickCheck contains a subexpression of the
form Mult (Literal 0) eorMult e (Literal 0). We write the following code:
checkZeroMult e = hasZeroSubexpression e ==> checkOptimizer e

What is the problem with this definition? What could you do to solve the problem?

Problem: low Pf‘obab((\{'\/ ot mmdomly 3enerochnﬁ
an expession which sahsfies tasZero Svbepressians

Soluhon: write a cusfom genesator
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4. The Result data type is a close relative of Maybe. A value of type Result e r may describe a succesful
computation, or a failure along with a description of the problem.

data Result e r = Fail e | Ok r
This type is a functor, as witnessed by the following declaration,

instance Functor (Result e) where
fmap £ (Fail e) = Fail e
fmap £ (Ok r) =0k (f r)

Note that in the case of a failure we do not apply the function to the inner result. Instead, we keep the
description of the problem untouched.

(a) (10 points) The type Result e is also a monad. Complete the corresponding instance declaration.
instance Monad (Result e) where

return :: a -> Result e a
return = ...
(>>=) :: Result e a => (a -> Result e b) -> Result e b
x>>=f= ...
retucqg = OK

Ok x »>= £ = £«
TFale 2= _ = Tail e

(b) (5 points) Sinterklaas has to visit every town in the Netherlands to give presents. Unfortunately,
both travelling from town to town and giving the presents in each town might go wrong, which
we model by a couple of functions,
travel :: Town -> Town -> Result String ()
give :: Town -> Result String ()

Using those functions, we can write a function which, given a list of the towns in the order in which
they have to be visited, executes the whole Sinterklaas tour.
tour :: [Town] -> Result String ()
tour [] = Fail "No towns to visit!"
tour [x] = give x
tour (x:y:zs) = case give x of
Fail el -> Fail el

Ok _ -> case travel x y of
Fail e2 -> Fail e2
Ok _ -> tour (y:zs)

Page7



Rewrite the function tour using do notation.

4our C[1= Faud “...°

four [x1= gtve X

tour (x: y-%‘>) = do gtve X
+rave\ % ¥

dooc Ly 28)

5. Multiple choice questions. Choose one answer.
(a) (5 points) Which is the resultof 0 ‘seq‘ (\x -> undefined)?
A. This expression is not well-typed.
B. o.
C. undefined.
\x -> undefined.
(b) (5 points) Given the following expressions:

1. \f -> (f True, £ ’a’)
2. \f -> £ (True, ’a’)
A. None of them is well-typed.
B. (1) is well-typed and (2) is not well-typed.
@ (1) is not well-typed and (2) is well-typed. §
D. Both of them are well-typed.

(c) (5 points) Which of the following is true?
A. You can always replace return (return x) by return x.
(B)) You can write an expression of type I0 (I0 Int). *
C. Every functor is also a monad.
D. Evaluation in Haskell occurs eagerly.

» retura (ceturn 3))

§ Ta CA), the type of € would need
to be Bos/ —» &
ond Chor— /8

ot the same -+Hhme
The dype of (2) is
((Bool, Char) - a) —
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